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Abstract. Structure learning is the identification of the structure of
graphical models based solely on observational data and is NP-hard. An
important component of many structure learning algorithms are heuristics or bounds to reduce the size of the search space. We argue that
variable relevance rankings that can be easily calculated for many standard regression models can be used to improve the efficiency of structure learning algorithms. In this contribution, we describe measures that
can be used to evaluate the quality of variable relevance rankings, especially the well-known normalized discounted cumulative gain (NDCG).
We evaluate and compare different regression methods using the proposed measures and a set of linear and non-linear benchmark problems.
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Introduction

We aim to define an efficient algorithm for learning the structure of a graphical
model solely from observational data. The algorithm should work for processes
with continuous variables, non-linear dependencies, and noisy measurements.
Graphical models are not only useful for visualization purposes but can be
facilitated for online control. Consider for example a system, which has multiple continuous inputs and dependent outputs as well as internal variables. In
such applications, the system parameters are often interrelated. Therefore, a
controller cannot set parameter values independently of each other. An explicit
and complete model of all variable dependencies allows a controller to set valid
values for all parameters and achieve a stable process.
This technical report represents material published in Computer Aided Systems
Theory – EUROCAST 2017 [14]. The original publication is available at https:
//link.springer.com/chapter/10.1007/978-3-319-74718-7_34. c Springer International Publishing AG 2018.

Many variants of structure learning algorithms have been proposed, including
exact as well as approximate algorithms. However, most of the algorithms work
only for discrete variables or impose constraints on the type of dependencies (e.g.
only linear dependencies). Our intention is to use standard regression algorithms
to learn models for each variable and calculate a variable relevance ranking for
each model. The relevance ranking can later be used to guide a heuristic structure
learning algorithm.
In this paper, we focus on the sub-problem of evaluating the quality of variable relevance rankings, i.e. we try to answer the research question: How can
we quantify the accuracy of variable relevance rankings produced by regression
algorithms?
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Related Work

Structure learning for Bayesian networks is NP-hard [2]. In the past, a large
number of algorithms for structure learning have been formulated including exact
methods as well as approximate algorithms (cf. [11]). Exact methods such as
the algorithms described in [9] and [17] use dynamic programming and work
for problems up to 30 variables [1]. Approximate algorithms can handle much
larger networks [1]. The PC algorithm [18] is a classical exact algorithm for
structure learning which assumes an oracle for determining whether pairs are
(conditionally) independent. An improved variant is the MMPC algorithm [19].
Many of the published algorithms work only for discrete variables. A simple
approach for continuous variables and linear systems is to fit a lasso regression
using each variable as the response and the others as predictors [15]. A more
systematic approach is the graphical lasso [4] which optimizes a global penalized
likelihood and can solve sparse problems with 1000 nodes in less than a minute
[4]. The “ideal-parent” algorithm [3] can be used for structure learning for nonlinear systems with continuous variables. However, the dependencies between
variables are limited to generalized linear models with non-linear link functions.
Artificial neural networks as well as Gaussian process networks have been used
for structure learning for non-linear and continuous Bayesian Networks [5, 7].
Variable interaction networks can be used to visualize dependencies between
variables of a system [12, 16]. Variable interaction networks are specific types
of graphical models [10] in which nodes represent variables of the system and
directed edges represent dependencies between variables. So far, variable interaction networks have been used primarily for visualization with the aim to gain
a better understanding of complex systems (see e.g. [12, 13, 16, 20]). In these applications, empirical models (e.g. symbolic regression models) have been used to
identify and describe statistical dependencies between continuous variables.
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Methods

We use standard regression modeling methods to generate a ranking of input
variables by relevance for each dependent variable e.g. using the explained variance measure.
Assuming multiple different methods are available for generating graphical
models from observational data, we want to determine which of those produces
the best structure. This can be determined only if the optimal system structure
is known. Therefore, we use a set of synthetic problem instances where the data
generating process is known.
3.1

Measures for the Quality of Variable Relevance Rankings

We propose to use one of three indicators to evaluate and compare variable
rankings: (1) Gini coefficient [6], (2) Spearman’s rank correlation, and (3) normalized discounted cumulative gain (NDCG) [8]. The Gini coefficient can be
used to quantify how well a modeling method is able to discriminate between
the actually necessary inputs and unnecessary inputs and is closely related to
the AUC measure for classification problems [6]. The Gini coefficient can be
calculated even if no information on the actual importance ranking of variables
is available, as it only depends on how well the modeling method discriminates
between necessary and irrelevant variables.
Spearman’s rank correlation coefficient and NDCG allow comparison of the
estimated ranks with an ideal ranking. The former weights all elements of the
ranking equally and is therefore strongly influenced by the relative ranking of
irrelevant variables if there are only a few actually relevant variables. The later
uses an exponential weighting scheme to assign more weight on the most important variables. Therefore, NDCG is an ideal measure for the evaluation of
variable relevance rankings for structure learning where it is most important
that the top-most variables are correctly identified while the ordering of irrelevant variables should not have a strong impact.
3.2

Empirical Evaluation of Variable Relevance Measures

For the empirical evaluation we use four different regression algorithms: linear
regression (LR), Gaussian process regression (GPR), random forest regression
(RF), and symbolic regression (SR) with genetic programming. Each of those
four methods is used to estimate regression models for all dependent variables
and the relevance of all input variables is determined. The resulting rankings are
compared to the actual variable relevance rankings and the quality of the ranking
is calculated. Finally, the arithmetic mean of all ranking qualities is determined
to produce an overall quality for each method and problem instance.
3.3

Problem Instances

We have generated data by sampling from random processes where all dependencies between variables are known. Linear as well as non-linear systems are

considered. For the linear instances all dependent variables are described by randomly generated linear models. For the non-linear systems all dependent variables are described by randomly sampled Gaussian processes. We have generated
problem instances with different dimensionality d ∈ {10, 20, 50, 100} and different noise levels ∈ {0%, 1%, 5%, 20%}. All instances represent graphical models
in which the variables can be assigned to one of four levels. The relative number
of variables in each level is fixed. The first and second level contain 33% of the
variables, the third level contains 20% of the variables and the fourth level contains the remaining 14%. Variables in the first level are sampled independently
from a zero-mean unit-variance Gaussian distribution. The variables in the other
levels are sampled from generative models which use input variables randomly
chosen from all lower levels.
The effective dimensionality deff is the number of input variables which are
actually used in each model and is sampled according to the following expressions:
u ∼ uniform(0, 1)

(1)

r = −2 log(1 − u)

(2)

deff = b1.5 + rc

(3)

Variable values are randomly sampled starting with the variables in the first
level. After the values in the first level have been assigned, the sampling procedure continues with the variables in the next higher level. Considering only one
dependent variable y, the values yi (1 ≤ i ≤ N ) are generated using the following
expression, where xi contains the values of the randomly selected input variables
for this dependent variable.
i.i.d

r

yi ∼ N

µ = f (xi ), σ =

rationoise
1.0 − rationoise

!
(4)

We used N = 250 samples for each problem instance. Correspondingly, the highdimensional problems are more difficult as it is more likely to observe spurious
strong correlations of irrelevant variables.
For the linear instances we sampled random models f (xi ) using the following:
f (xi ) = g(xi , w) = xTi w
λ2j
wj =
, 1 < j ≤ deff
Var(xj )
i.i.d

λj ∼ N (µ = 0, σ = 1)

(5)
(6)
(7)

For the non-linear instances we sampled random models f (x) from a zeromean Gaussian process prior with squared exponential covariance function with
randomly sampled length scales ` for each dimension to determine the relevance

of each variable.
f (x) ∼ GP(0, k(x, x0 ))
k(xp , xq ) = exp −(xp − xq )T (`I)−1 (xp − xq )
i.i.d

`j ∼ uniform(0.5, 2.5)
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(8)


(9)
(10)

Results

Table 1 shows a comparison of the average accuracies of the variable rankings
calculated with the three proposed measures for all benchmark instances with
rationoise = 5%. As expected, linear regression works better for linear systems
and is not able to identify relevant variables correctly for the non-linear systems.
For the non-linear instances, RF produces the best variable rankings.
Interestingly, the ordering of the methods similar, regardless of the measure,
which is used to compare the methods. For example, for the Gaussian process
system with 20 variables the ordering of methods is the same for all three measures.
For a sensitivity analysis we generated problem instances with different noise
levels. Table 2 shows the NDCG values for all problem instances and noise ratios. The linear instances without noise (0%) are ill-conditioned because indirect
and direct dependencies cannot be distinguished by the standard regression algorithms. Therefore, all methods produce better variable rankings when at least
a small amount of noise is present. RF produces the best NDCG values for the
non-linear instances and is able to identify to top-ranked variables even for high
dimensionality.

5

Discussion and Conclusions

Our overall aim is to use estimated variable relevance rankings for guiding structure learning algorithms for graphical models with continuous variables and nonlinear dependencies. In previous work we have used a similar approach to generate so-called variable interaction networks [12]. However, variable interaction
networks are useful only for visualization purposes. Instead, we would like to use
graphical models also for example for online predictive control where multiple
interrelated process variables must be controlled through multiple parameters
which might also be interrelated.
We have described how the quality of variable relevance rankings can be
measured relative to a gold standard and have used three different measures
(i) Spearman’s rank correlation coefficient, (ii) the Gini coefficient, and (iii) the
normalized discounted cumulative gain (NDCG). We have demonstrated how the
measures can be used to compare the quality of the variable relevance rankings
for different regression algorithms. For an empirical evaluation, we have used
linear as well as non-linear benchmark problems.

Table 1. Comparison of variable relevance rankings. Values are averages over the values
for all dependent variables as well as the ranks of the values in each row. Noise level is
5% for all problem instances. All three measures often produce the same rankings of
methods. The best NDCG values for each problem are highlighted using bold font. SR
works best for the linear problem instances and RF for non-linear instances.

Problem type
Linear

d Measure

LR

Average Value
SR
RF GPR

10 Gini
0.98 0.83
NDCG
0.99 0.93
Spearman 0.74 0.57

LR

Rank
SR
RF

GPR

0.69
0.85
0.37

0.96
0.97
0.72

1
1
1

3
3
3

4
4
4

2
2
2

20 Gini
0.95 0.93 0.89
NDCG
0.94 0.95 0.90
Spearman 0.49 0.47 0.43

0.93
0.91
0.48

1
2
1

3
1
3

4
4
4

2
3
2

50 Gini
0.98 0.93 0.97 0.98
NDCG
0.96 0.96 0.96 0.97
Spearman 0.31 0.33 0.30 0.32

2
3
3

4
4
1

3
2
4

1
1
2

0.98
0.92
0.26

3
2
3

2
1
1

4
4
4

1
3
2

Gaussian process 10 Gini
0.34 0.88 0.83 0.85
NDCG
0.71 0.95 0.95 0.94
Spearman 0.29 0.70 0.65 0.67

4
4
4

1
1
1

3
2
3

2
3
2

20 Gini
0.77
NDCG
0.79
Spearman 0.39

0.85 0.94 0.80
0.94 0.95 0.88
0.47 0.49 0.41

4
4
4

2
2
2

1
1
1

3
3
3

50 Gini
0.71
NDCG
0.64
Spearman 0.23

0.74 0.92 0.76
0.85 0.89 0.73
0.32 0.30 0.26

4
4
4

3
2
1

1
1
2

2
3
3

100 Gini
0.50
NDCG
0.53
Spearman 0.12

0.69 0.80 0.58
0.74 0.79 0.63
0.26 0.20 0.14

4
4
4

2
2
1

1
1
2

3
3
3

100 Gini
0.98 0.98 0.93
NDCG
0.93 0.96 0.91
Spearman 0.24 0.32 0.23

Table 2. NDCG values for the variable relevance rankings reached for all instances.
The best values for each problem instance are highlighted using bold font. SR works
best for the linear instances, RF works best for the non-linear instances. The values
for 5% noise are shown in Table 1.
Linear instances
Noise = 0%
Noise = 1%
d LR
SR
RF GPR LR
SR
RF GPR
10 0.68 0.96 0.93

0.70 1.00 1.00 0.97 1.00

20 0.64 0.91 0.87

0.64 0.96 0.96 0.88 0.96

50 0.54

0.80 0.85 0.55

100 0.59 0.87 0.85

0.57

0.92 0.95 0.84

0.91

0.88 0.89 0.84

0.84

Noise = 10%

Noise = 20%

10 1.00 1.00 0.99 1.00 1.00 1.00 0.99 1.00
20 0.93

0.89 0.94 0.93

50 0.93

0.93 0.94 0.94 0.97 0.97 0.96 0.97

100 0.97 0.95

0.93

0.96

0.97 0.98 0.95
0.94 0.96 0.94

0.97
0.93

Non-linear instances
Noise = 0%
Noise = 1%
d LR
SR
RF GPR LR
SR
RF GPR
10 0.90

0.93 0.98 0.91

0.73

0.93 0.99 0.96

20 0.70

0.89 0.90 0.88

0.73

0.84 0.95 0.90

50 0.74

0.86 0.90 0.78

0.58

0.77 0.82 0.71

100 0.55

0.81 0.83 0.64

0.55

0.74 0.76 0.64

Noise = 10%
10 0.81 0.93 0.92

Noise = 20%
0.90

0.75

0.93 0.96 0.94
0.86

20 0.68

0.80 0.86 0.82

0.78

50 0.63

0.80 0.83 0.74

0.61 0.81 0.79

0.85 0.88

100 0.58

0.78 0.81 0.66

0.55

0.67

0.74 0.80 0.59

Analysis of the results shows that the order of regression methods is frequently similar for all three measures. For the linear problem instances, symbolic
regression most often produced the best variable relevance ranking whereas for
the non-linear instances random forest regression consistently produced the best
relevance rankings.
An interesting result is that Gaussian process regression performed worse
than random forest regression on the non-linear instances even though the data
for these instances have been generated by sampling from Gaussian processes.
The effect is especially visible for the high-dimensional problem instances. This
indicates that our approach of maximum likelihood learning with automatic
relevance determination does not work well for the identification of the relevant
input variables in this case.
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