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Abstract

Stacking and shuffling problems are key logistics problems in various
areas such as container shipping or steel industry. The aim of this paper is
motivated by a real world instance arised in steel production. Slabs, con-
tinously but randomly casted, need to be arranged for transport while
having a certain number of buffer stacks available. The optimization
problem arising is assigning transport lotnumbers, regarding properties
of slabs, as well as minimizing shuffling movements while arranging the
slabs, regarding the implicitly given transport order. For that purpose,
a combined optimization problem, being composed of two sub-problems
is developed. Further computational studies are conducted in order to
investigate the complexity of the problem. A combined solution approach
is developed solving the problem in a sequential way using customized
algorithms in order to make advantage of specialised algorithms.

1 Introduction

The problem of stacking and restacking plays an important role in production
and logistics, arising in various areas such as container terminals and steel pro-
duction. The former addresses the shuffling of containers within a yard where

1This technical report represents material published in Computer Aided Systems The-
ory – EUROCAST 2015. Lecture Notes in Computer Science, vol 9520. The origi-
nal source of the publication is available at https://link.springer.com/chapter/10.1007/

978-3-319-27340-2_42. The final publication is available at link.springer.com.
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containers are stacked temporarily. [5] developed a simulated annealing (SA)
algorithm for finding stacking strategies. Results show that the number of
shuffling movements is reduced compared to a strategy grouping same-weight-
containers. In an earlier work [2] considered two stacking strategies. One aims
to keep all stacks at an equal height. The other one locates containers according
to their arrival time. The results show that the measures of a bay most influence
the expected number of shuffling movements. In [9] a comprehensive literature
review of operations, space allocation, yard layout and stacking logistics is pro-
vided.
Another approach for optimal stacking is the pre-marshalling problem. It con-
siders the optimal shuffling of blocks that are assumed to be of the same size.
The delivery order is assumed to be known. [6] propose a method for finding an
optimal strategy for shuffling containers by decomposing the problem into two
stages and three subproblems. They use dynamic programming and the trans-
portation problem technique, which overall take a considerable computational
time. In [8] a mathematical model is proposed for the shuffling while consid-
ering a given loading sequence as well as a given yard layout. They present
an integer programming model based on a multi commodity flow problem. A
simple heuristic is proposed in order to solve problems close to real-world size.
Considering steel industry, most research work has been done on the Slab Stack
Shuffling (SSS) problem which aims to choose appropriate slabs for the rolling
schedule out of ponderous stacks of slabs while minimizing the shuffling move-
ments needed. [11] propose an integer programming model for the SSS problem
and developed a two-phase heuristic algorithm. In [12] a genetic algorithm us-
ing specially designed operators is presented. For the SSS problem considered
in [12], [10] propose an improved parallel genetic algorithm. Two operators are
developed, namely a modified crossover operator and a kin selection operator.
[11], [12] and [10] consider that a lifted slab is moved back immediately after
the required slab is taken out. [13] takes into account that lifted slabs can be
placed on other stacks. [3] propose a linearization of the SSS problem solved by
using a linear binary integer programming (BIP) model.

1.1 Motivation

Considering the hot storage area, slabs are continously casted and then lifted
to buffer stacks to allow for an arranging process, while the number of stacking
locations is limited. Subsequently the slabs are lifted to a delivery point to
be picked up by transportation facilities. As there is only a limited number of
vehicles, it is essential that slabs are carried to the delivery point in assorted
lots. The slabs should be arranged according to measurements and properties.
[7] propose an exact method for solving a stacking problem allowing moves
from and to a buffer stack and to a target stack with the aim of minimizing
shuffling movements. They use ideas from dynamic programming and discrete
optimization and obtain a solution quality of 25% off optimum. Closely related
to this problem is the blocks relocation problem (BRP). [1] provide a formal
analysis of the problem and developed a heuristic based upon a set of relocation
rules.
In contrast to the above mentioned research work, we consider the delivery
order not as predefined but as flexible. We developed a combined optimization
problem composed of two subproblems: a lot-building problem which provides
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the transport lots and implicitly the delivery order and a stacking problem
which provides the optimal stacking in order to minimize shuffling movements.
Further experimental studies are performed and a combined solution approach
is proposed. In section 2 a description and formulation of both problems is
provided. In section 3 results on complexity and performnace and a sequential
solution approach are presented.

2 Problem Description

The lot-aware slab stack shuffling problem is composed of a lot-building problem
and a stacking problem. This section provides a formulation of both problems as
well as of the interrelation on each other. The lot-building problem shall provide
the transport lot number as input for the stacking problem (see equation 8).

2.1 Lot-Building Problem

Input A set of slabs with properties (weight, measures, type, production time).
Objective The aim is to minimize the number of lots used.
Constraints A lot may only has a maximum weight and minimum number of
slabs. Further, one lot may only contains one type of slab and only slabs with
certain measurements limits.

Ω = {j}Nj=1 Set of cast slabs
L = {i}Li=1 Set of lots
wj , tj , bj Weight, production time, measures (width) of slab j
W, T,B Maximum values of weight, difference of production

time and measures per lot

min

L∑
i=1

yi (1)

s.t. xij ≤ yi, ∀i ∈ L, j ∈ N (2)

L∑
i=1

xij = 1, ∀j ∈ N (3)

N∑
j=1

xij ≥ 2yi,

N∑
j=1

xijwj ≤Wyi ∀i ∈ L (4)

(tj − tl)xijxil ≤ T, (bj − bl)xijxil ≤ B ∀i ∈ L, j, l ∈ N (5)

xij ∈ {0, 1}, yi ∈ {0, 1} ∀i ∈ L, j ∈ N (6)

Decision variable xij takes 1 if slab j is assigned to lot i, otherwise 0. Decision
variable yi takes 1 if lot i is used, otherwise 0. Cosntraint (3) and (2) ensure that
each slab is assigned to a lot, but only if the lot exists. (4) state the minimum
number of slabs and a maximum weight per lot. (5) ensure that a maximum
difference of production time and measures are not exceeded.
The fitness function of the heuristic approach is the sum of the number of lots
used and a penalty for each constraint violation.
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2.2 Stacking Problem

Input A set of slabs is produced that arrive on parallel inputs over time. Each
slab is assigned to an article depending on its characteristics, as well to a lot.
A lot contains only one type of slab.
Objective The aim is to arrange all slabs on buffer stacks in order to minimize
the number of shuffling movements when lifting slabs to the delivery point every
time a lot is completely produced.
Stacking Constraints Due to reasons of stability, slabs must be arranged accord-
ing to their measures. Predefined stacking constraints determine which slab type
is allowed to be placed on another one.
Stacks and Moves We have a set of buffer stacks and delivery stacks. A buffer
stack has a maximum stack height. The initial buffer stacks are assumed to be
empty. The delivery stack is assumed to be of infinite capacity. Only moves
from the input to a buffer stack are considered as each slab must go to a target
stack.

Ω = {ωj}Nj=1 Set of cast slabs
A = {ai}Ai=1 Set of articles
L = {li}Li=1 Set of built lots
K = {Bk}Kk=1 Set of buffer stacks

The input may contain the following mappings. Equation (7) assigns one
type of article to each slab. Equation (8) assigns a lot to each slab. Equation (9)
denotes the last cast slab of one lot. e(ωj) takes 1, if ωj is the last slab of a lot.
Based on the input, α (see (10)) takes 1 if two slabs are in the same lot.

f :Ω→ A : f(ωj) = ai ∀j ∈ N, i ∈ A (7)

g :Ω→ L : g(ωj) = li ∀j ∈ N, i ∈ L (8)

e :Ω→ {0, 1} (9)

α :Ω× Ω→ {0, 1} (10)

Equation (11) and (12) depend on the decision variable z. β denotes the index
of the first cast slab assigned to lot li and put on stack Bk. γ denotes whether
any of the slabs, belonging to the same lot as ωj , is put on stack Bk.

β : Ω×K → Ω : βik =

{
min{j|αijzkj = 1}
i, otherwise

}
∀i, j ∈ N, k ∈ K (11)

γ : Ω×K → {0, 1} ∀j ∈ N, k ∈ K (12)

2.2.1 Objective Function

Every time a lot li is completely produced, given by mapping (9), the shuf-
fling movements are evaluated. The number of shuffling movements has to be
minimized and is given in equation (13).

min

N∑
j=1

K∑
k=1

(
(hωj (Bk) + γjk − h′ωj (Bk)− nωj (Bk)) ∗ e(ωj)

)
(13)
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The objective function is composed of the following parts.

hωj (Bk) =

ωj∑
l=1

zkl −
ωj−1∑
i=1

(
e(ωi)

i∑
n=1

αinzkn

)
(14)

h′ωj (Bk) = hωβjk (Bk)−
ωj−1∑
i=βjk

e(ωi) βjk∑
n=1

αinzkn

 (15)

nωj (Bk) =

j∑
l=βjk

αjlzkl (16)

Equation (14) denotes the height of buffer stack Bk when slab ωj is produced.
That is the sum of slabs placed on Bk reduced by the sum of slabs moved away.
Equation (15) denotes the position of the slab in buffer stack Bk with index β
at the time that slab ωj is cast. Equation (16) denotes the number of slabs of
the same lot in buffer stack Bk. Decision variable z determines whether slab ωj
is placed on buffer stack Bk.

s.t.

K∑
k=1

zkj = 1 ∀j ∈ N (17)

hωj(Bk) ≤ H ∀j ∈ N, k ∈ K (18)

zkj ∈ {0, 1} ∀j ∈ N, k ∈ K (19)

Stacking constraints (20) state whether an article, characterized by its measure-
ments, is allowed to be placed on another one. The constraints are based on a
matrix of dimension C : A× A : (ai, aj) 7→ {0, 1}, being 1 if ai is allowed to be
placed on aj . Summed up over all stacks and all slabs, equation (20) ensures
that a constraint is only violated by slabs which are already moved away.

j∑
l=1

(
(zkl)(zkj)(1− Cajal)

)
=

j−1∑
i=1

(
e(ωi)

i∑
n=1

(
αin(zkn)(zkj)(1− Cajan)

))
(20)

2.3 Interdependency

Due to the fact that slabs are moved to a target as soon as their lot is completely
produced, the delivery order is implicitly determined by the assigned lotnumber.
Hence, it is reasonable that the assignment of lots has a significant impact on the
efficiency of the stacking problem. Thus, an exchange of the solution qualities is
worthwhile in order to achieve a best possible combined solution. In empirical
studies we focused on the complexity of the problem as well as on a combined
solution approach.
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Runtime (sec) Best Solution Feasible (%)
Instance CPLEX VNS CPLEX VNS VNS
30-3 26.73 41.72 9 9 79
50-6 213.97 108.80 32 31 76
60-6 16313.41 258.12 41 40 79
68-7 7706.96 339.54 31 31 50
100-8 x 244.39 x 74 83

Table 1: Results on complexity

3 Empirical Studies

Empircial studies are conducted on problem instances differing in the number
of slabs and buffer stacks, indicated by the naming (X-Y stands for X slabs,
Y buffer stacks). Instances are solved by using CPLEX [4] and variable neigh-
bourhood search (VNS) in order to show the complexity of the problem by
investigating the runtime, solution quality and number of feasible solutions.
Instances of higher dimensions are solved by using a multi-objetive algorithm
namely NSGA II and by using a combined method using VNS. A neighbour
is defined as a swap of two assigned stacks/lots as well as the assignment of
a random stack/lot to a slab. Studies using heuristic methods are performed
by HeuristicLab [14] [15]. All tests were calculated on a laptop with a Intel(R)
Core(TM) i7-4600U CPU 2.10GHz 2.70GHz processor.

3.0.1 Complexity

Results of runtime and number of feasible solutions show that the lot-aware slab
stack shuffling problem is of high complexity. CPLEX could solve the problem
up to 20 slabs to optimality. Only instances up to 68 slabs could be solved before
running out of memory. The runtime of CPLEX shows exponential behaviour.
The VNS performs with a rather constant runtime. Table 1 allows a compari-
son of CPLEX and VNS regarding the best found solutions and runtime. For
this study we dissociated the lot-building problem from the stacking problem.
Presented results are of the stacking problem only.

We can derive that even for heuristic methods the problem is hard to solve.
For solving real world instances of more than 200 slabs only heuristic approaches
work. Due to the number of feasible solutions the algorithm may be adapted
by developing specialized operators. Worth to mention is that the best found
qualities of VNS are at least as good as obtained by CPLEX.

3.0.2 Sequential Solution Approach

In order to exploit the property of interrelation we consider a sequential solution
approach. Using VNS, the developed method solves the lot-building several
times and gives each solution as input to the stacking problem. The best found
combined solution is returned. An advantage of this approach is that also sub-
optimal solutions of the lot-building problem are considered in order to find the
best possible solution for the combined problem. Results are compared to a
multi-objective algorithm, NSGA II.
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Quality
Instance NSGA II Sequ.Method
20-5 17 17
50-6 44 33
100-8 114 72

Table 2: Results of combined solving

Table 2 show that the sequential approach achieves good solutions compared
to a standard NSGA II. A sequential approach is reasonable in case specialised
algorithms for the sub-problems exist since a separate application of both algo-
rithms is allowed.

4 Conclusion and Future Work

In this research work an optimization problem composed of two autonomous
but related problems has been developed. Experimental results show that the
modelled problem is very hard to solve. Further work will consider customized
heuristic algorithms in order to allow the solving of real world instances in
reasonable time. Research work will also be done on linking autonomous but
related optimization problems. A method for solving several optimization prob-
lems in an interrelated way shall be developed. With that purpose an approach
for exchanging solution qualities and deduced parameters shall be researched in
order to reach a combined sequential solution approach.
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