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Abstract

In this note, we give the degenerating behavior of Jacobi’s theta functions as the
modulus k tends to one.
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Let k, 0 < k < 1, be the modulus of Jacobi’s elliptic functions sn(u, k), cn(u, k), and
dn(u, k), which are usually defined by a quotient of two theta functions, see [1, Equa-
tion (1052.02)] or [3, Equations (2.1.1)–(2.1.3)],

sn(u, k) :=
1√
k
· H(u, k)
Θ(u, k)

, cn(u, k) :=

√
k′√
k

· H1(u, k)

Θ(u, k)
, dn(u, k) :=

√
k′ · Θ1(u, k)

Θ(u, k)
, (1)

where k′ :=
√
1− k2 is the complementary modulus. The four theta functions of Jacobi

are defined by Fourier series, see [1, Equation (1050.01)] or [3, Equations (1.2.11)–(1.2.14)],

Θ(u, k) := θ4(v, q) := 1 + 2

∞∑
n=1

(−1)nqn
2
cos(2nv),

H(u, k) := θ1(v, q) := 2

∞∑
n=0

(−1)nq(n+1/2)2 sin((2n+ 1)v),

H1(u, k) := θ2(v, q) := 2

∞∑
n=0

q(n+1/2)2 cos((2n+ 1)v),

Θ1(u, k) := θ3(v, q) := 1 + 2

∞∑
n=1

qn
2
cos(2nv),

(2)

where v = πu/(2K) and q = q(k) := exp(−πK ′/K) is the nome of Jacobi’s theta functions.
Here, we have used the old notation of the theta functions, which goes back to Jacobi,
because the relation between Jacobi’s elliptic and theta functions is better visible, see
formulae (1).

Furthermore, K = K(k) is the complete elliptic integral of the first kind and K ′ =
K ′(k) := K(k′). Finally, we will need Jacobi’s zeta function, denoted by zn(u, k), which
is usually defined by, see [1, Equation (1053.01)] or [3, Equation (3.6.1)],

zn(u, k) :=
∂

∂u
logΘ(u, k). (3)
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Here we follow the notation of Carlson and Todd [2], in other references, like [1] and [3],
Jacobi’s zeta function is denoted by Z(u, k). As a standard reference for Jacobian elliptic
and theta functions, we recommend [1], [3], and [6].

If the modulus k tends to zero then it follows immediately from the definitions that
zn(u, k), H(u, k), and H1(u, k) tend to zero, whereas Θ(u, k) and Θ1(u, k) tend to one. In
this note, we give the behavior of Jacobi’s zeta function zn(u, k) and of Jacobi’s four theta
functions Θ(u, k), H(u, k), H1(u, k), Θ1(u, k) for k → 1. Although the limiting values
of Jacobi’s elliptic functions sn(u, k), cn(u, k) and dn(u, k) as k → 1 are given in many
textbooks like [4], corresponding results for Jacobi’s theta functions seem to be lacking.

Theorem 1. Given u ∈ R, for k → 1, we have

zn(u, k) ∼ tanh(u)

Θ(u, k)

Θ(0, k)
∼ cosh(u),

H(u, k)

Θ(0, k)
∼ sinh(u),

H1(u, k)

Θ1(0, k)
∼ Θ1(u, k)

Θ1(0, k)
∼ 1,

(4)

where f(u, k) ∼ g(u, k) means that limk→1 f(u, k)/g(u, k) = 1.

The proof of Theorem1 is mainly based on the following formula for Θ(u, k); see [6,
Section 22.74]. For a similar formula for H(u, k), see the remark after Lemma2 in [5].

Lemma 1. For v, w ∈ R, we have

log
Θ(v − w)

Θ(v + w)
=

∫ v

0

2k2 sn2(ξ, k) sn(w, k) cn(w, k) dn(w, k)

1− k2 sn2(ξ, k) sn2(w, k)
dξ − 2 v zn(w, k). (5)

Furthermore, we also need the behavior of sn(u, k), cn(u, k), and dn(u, k) for k → 1,
see [1, Equation (127.02)] or [3, Equation (2.6.17)] or [4, Table 22.5.4].

Lemma 2. Given u ∈ R, for k → 1, we have

sn(u, k) ∼ tanh(u),

cn(u, k) ∼ dn(u, k) ∼ 1

cosh(u)
.

(6)

Lemma 3. For v, w ∈ R, we have

2 tanh(w)

cosh2(w)

∫ v

0

tanh2(ξ)

1− tanh2(w) tanh2(ξ)
dξ = log

cosh(v − w)

cosh(v + w)
+ 2 v tanh(w). (7)

Proof. Formula (7) follows immediately by differentiating both sides with respect to v and
using the addition formulae for tanh(v ± w).

Proof of Theorem1. Carlson and Todd [2, Theorem4] proved the relation

zn(u, k) = sn(u, k)− u/K + r with |r| ≤ k′
2
u(1− u/K), 0 ≤ u ≤ K.

Thus, for fixed u ∈ R, we have zn(u, k) ∼ sn(u, k) as k → 1 (note that K → ∞) and the
first relation of (4) follows by (6).
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Concerning the second relation of (4), let v, w ∈ R be fixed. Then, as k → 1, we have

log
Θ(v − w)

Θ(v + w)
=

∫ v

0

2k2 sn2(ξ, k) sn(w, k) cn(w, k) dn(w, k)

1− k2 sn2(ξ, k) sn2(w, k)
dξ − 2 v zn(w, k) by (5)

∼ 2 tanh(w)

cosh2(w)

∫ v

0

tanh2(ξ)

1− tanh2(w) tanh2(ξ)
dξ − 2 v tanh(w) by (6)

= log
cosh(v − w)

cosh(v + w)
by Lemma3.

Setting v = w = u/2, we get
Θ(0, k)

Θ(u, k)
∼ 1

cosh(u)
.

Using (1), (6), and the identities [1, Equation (1051.01)]

Θ(0, k) =
√
k′Θ1(0, k) =

√
2k′K/π,

we get

H(u, k)

Θ(0, k)
=

√
k sn(u, k)

Θ(u, k)

Θ(0, k)
∼ tanh(u) cosh(u) = sinh(u),

H1(u, k)

Θ1(0, k)
= cn(u, k)

Θ(u, k)

Θ(0, k)
∼ 1

cosh(u)
· cosh(u) = 1,

Θ1(u, k)

Θ1(0, k)
= dn(u, k)

Θ(u, k)

Θ(0, k)
∼ 1

cosh(u)
· cosh(u) = 1.
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