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ABSTRACT
In this publication a constant optimization approach for
symbolic regression is introduced to separate the task of find-
ing the correct model structure from the necessity to evolve
the correct numerical constants. A gradient-based nonlin-
ear least squares optimization algorithm, the Levenberg-
Marquardt (LM) algorithm, is used for adjusting constant
values in symbolic expression trees during their evolution.
The LM algorithm depends on gradient information con-
sisting of partial derivations of the trees, which are obtained
by automatic differentiation.

The presented constant optimization approach is tested
on several benchmark problems and compared to a stan-
dard genetic programming algorithm to show its effective-
ness. Although the constant optimization involves an over-
head regarding the execution time, the achieved accuracy
increases significantly as well as the ability of genetic pro-
gramming to learn from provided data. As an example, the
Pagie-1 problem could be solved in 37 out of 50 test runs,
whereas without constant optimization it was solved in only
10 runs. Furthermore, different configurations of the con-
stant optimization approach (number of iterations, proba-
bility of applying constant optimization) are evaluated and
their impact is detailed in the results section.

Categories and Subject Descriptors
I.2.2 [Automatic Programming]: Program synthesis; I.2.8
[Problem Solving, Control Methods, and Search]:
Heuristic Methods

General Terms
Algorithms, Experimentation
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1. INTRODUCTION
Symbolic regression is the task of learning a model in form

of a mathematical formula which describes the relation be-
tween a dependent variable y and several independent vari-
ables x and the according weights w given as y = f(x,w)+ǫ.
Contrary to other regression tasks the structure of the model
as well as the variables used in the final model are not pre-
determined, but rather evolved during the optimization pro-
cess. Hence, symbolic regression consists of three correlated
subproblems:

• Detecting the best-suited model structure

• Selecting the appropriate subset of variables (feature
selection)

• Determining optimal numerical constants and variable
weights

Tree-based genetic programming (GP) [9] is commonly
used to solve symbolic regression problems and to find the
appropriate model structure. In addition, it incorporates an
efficient feature selection step [20] to detect relevant vari-
ables. However, determining optimal variable weights and
numerical constants in evolved formulas is problematic in
GP [15]. This publication focuses on how numerical con-
stants are obtained for a given model and how this can be
further improved by incorporating a local optimization step.

In tree-based GP for symbolic regression every symbolic
expression tree encodes a mathematical formula, where ev-
ery inner node represents a function (e.g., addition, sine, . . . )
and every terminal node either a variable or a numerical con-
stant. Numerical constants are randomly initialized during
the tree creation, where concrete values are chosen from a
predetermined distribution (e.g., uniform [−20, 20]). This
implementation of constants in symbolic regression is de-
fined as ephemeral random constants (ERC). A drawback
of ERC is that constants are not modified during the whole
GP run and therefore the only way of creating new constant
values is by combining existing constants from the initial
population via crossover.



A way to obtain new numerical values is the inclusion of
mutation operators in GP which add random noise from a
Gaussian distribution, either additive N (0, σ) or multiplica-
tive N (1, σ), to constants [17]. As both ways of obtaining
new constant values (mutation or combination of existing
constants) are rather undirected, the progress of the GP al-
gorithm can be unnecessarily hampered by misleading con-
stant values; even if the correct model structure is found, its
fitness value is small as long as the constant values are not
set correctly.

In addition to mutation operators several other ways to
modify and optimize numerical constants have been intro-
duced within the last several years. In [7] a hybridization
between GP and a genetic algorithm called GA-P is pro-
posed, to separate the task of finding the corrected model
structure from obtaining correct constant values. In GA-P
an individual consists of the symbolic expression tree and
an array of referenced constants, which is optimized by the
genetic algorithm. Other hybrid approaches following a sim-
ilar methodology combine GP with simulated annealing [18],
evolution strategies [25, 2], or differential evolution [26, 12].

Apart from hybridizing GP with another metaheuristic,
nonlinear optimization techniques using quadratic approx-
imations [22] or gradient descent [21] have shown promis-
ing results. However, the local gradient search introduced
by Topchy and Punch [21] was outperformed by symbolic
regression with linear scaling [8]. Nevertheless, we pursue
the idea that optimization techniques for obtaining better
constant values in combination with linear scaling further
improve the evolutionary search process of GP to solve sym-
bolic regression problems.

The subsequent parts of the publication are organized as
follows: the details of the nonlinear optimization technique
for tuning numerical constants are described in Section 2.
The experimental setup for demonstrating the benefits and
limitations of the approach is described in Section 3 and the
obtained results are discussed in Section 4. Finally, Sec-
tion 5 concludes the paper and gives an overview of possible
improvements and future research directions.

2. METHODS
Optimizing constants of symbolic expression trees is a

nonlinear and multidimensional problem. It can also be re-
garded as a model fitting problem, where the model’s con-
stants are treated as parameters, which should be optimized
to provide the best possible fit to given target values. As
these models encode mathematical formulas they can be dif-
ferentiated, provided that the functions occurring are differ-
entiable, and it is possible to calculate their gradient. The
gradient of a model supplies a concrete search direction,
whose information could be used to accelerate the optimiza-
tion process. Therefore, a gradient-based optimization tech-
nique, the Levenberg-Marquardt algorithm, was chosen to
tune the constants as opposed to derivative-free algorithms
or heuristics.

Calculation of Partial Derivatives of Symbolic
Expression Trees
For the calculation of the partial derivations forming the
gradient ▽f (Equation 1) of a symbolic expression tree, all
constant values have to be extracted and replaced by an
according parameter βi.

▽f =

(

∂f

∂β1
,
∂f

∂β2
, ...,

∂f

∂βn

)

(1)

Additionally, artificial nodes are inserted in the symbolic
expression tree to account for the linear scaling terms. Fig-
ure 1 illustrates the process of transforming symbolic ex-
pression trees as a preparatory step before the constant op-
timization and gradient calculation takes place. The col-
ored nodes indicate model parameters, for which the partial
derivative must be calculated and the color distinguishes be-
tween actual tree nodes (yellow) and artificially introduced
scaling nodes (blue).

Figure 1: Transformation of a symbolic expression
tree for constant optimization.

For the calculation of all partial derivation according to
the parameter vector β automatic differentiation [14] is used.
The advantage of automatic differentiation is that it pro-
vides fast and accurate results compared to symbolic or nu-
merical differentiation and is therefore especially suited for
gradient-based optimization.

An overview of how automatic differentiation for symbolic
expression trees works is given in [21]. In the present publi-
cation automatic differentiation was not reimplemented, but
rather an implementation provided by AutoDiff1 [19], a C#
library that provides fast, accurate and automatic differ-
entiation (computes derivative / gradient) of mathematical
functions, is used.

Optimization of Constants
The Levenberg-Marquard (LM) algorithm [11] is especially
suited for optimizing model parameters (in this case con-
stant values of the model), because it minimizes the sum of
squared errors Q(β) between a model’s predictions f(x, β)
and observed target values y with respect to the parameter
vector β (Equation 2).

Q(β) =

m
∑

i=0

(yi − f(xi, β))
2 (2)

The LM algorithm is an iterative procedure which gradu-
ally improves the model quality starting from initial param-
eters using the calculated gradient. Internally, the gradient

1http://autodiff.codeplex.com



is used to calculate the Jacobian matrix consisting of all nu-
merical values for the partial derivatives of β over all data
points. The Jacobian matrix is afterwards used to update
the parameter vector and the whole iteration starts anew
until a specified stopping criterion is reached (number of it-
erations, achieved precision, or minimal changes in the gra-
dient). The implementation of the LM algorithm used for
constant optimization is provided by ALGLIB2 [3].

The start values for the LM algorithm are the previously
extracted constant values in the specific tree and 0.0 respec-
tively 1.0 for the additive and multiplicative scaling terms
and the algorithm is stopped after a certain number of itera-
tions. After the LM algorithm has finished the constants in
the specific symbolic expression tree are updated with the
tuned values. Another possibility would be to calculate the
quality of individual with the optimized constants, but the
tree does not get updated. A disadvantage of this method
could be that without updating the constants, the optimiza-
tion starts at the same starting values multiple times and
performs the same optimization steps.

Nevertheless, both methods are supported in the presented
approach by introducing a boolean flag, which determines
whether the optimized constants are written back to the
original tree. The pseudo code describing the necessary steps
for optimization the constants of a symbolic expression tree
is stated in Algorithm 1.

Algorithm 1 Constant optimization of symbolic expression
trees.

Add scaling tree nodes
Extract initial constant values
Transform the tree for constant optimization
Start the LM algorithm
while Stopping criterion not reached do

Calculate the gradient with automatic differentiation
Perform LM iteration

end while
Calculate quality with optimized constants
if UpdateConstants then

Write back optimized constants
end if

3. EXPERIMENTAL SETUP
We performed several experiments on selected benchmark

problems to test the performance of the constant optimiza-
tion approach. The problems on which the experiments were
conducted were recently published as recommended sym-
bolic regression benchmarks [24] and additionally the Poly-
10 [13] and Friedman-2 [4] problem were included. A de-
tailed listing of the problems and the according numbers of
training and test samples is given in Table 1.

Genetic Programming
A modification to the standard GP algorithm is used by in-
cluding strict offspring selection [1], which means that child
individuals are only accepted in the next generation if their
quality surpasses the quality of the better parent. There-
fore, the number of evaluated individuals per generation is

2http://www.alglib.net

Table 2: Genetic programming algorithm settings

Parameter Value

Tree initialization PTC2 [10]
Maximum tree length 50 nodes
Maximum tree depth 12
Population size 500 individuals
Elites 1 individual
Selection Gender specific selection [1]

(random & proportional)
Offspring selection Strict offspring selection
Crossover probability 100%
Crossover operator Subtree crossover
Mutation probability 25%
Mutation operator Change symbol

Single point mutation
Remove branch
Replace branch

Fitness function Maximize R2

Termination criterion Max. selection pressure of 100
Terminal symbols constant, weight ∗ variable
Function symbols binary functions(+,−,×, /)

not constant anymore, but depends on the state of the evo-
lutionary run (how easy it is to generate better children).

A characteristic of offspring selection GP (OSGP) is that
the algorithm stops automatically if it gets too hard to fill
the next generation with better individuals. This is stated
by the selection pressure, which is calculated as the number
of created child individuals (accepted and discarded) divided
by the population size and which is used as stopping criterion
for the algorithm.

The fitness function for the GP algorithm is the coefficient
of determination R2 (Equation 3).

R2(x, y) =
Cov(x, y)2

Var(x) ∗ Var(y)
(3)

As a consequence individuals can be linearly transformed
without worsening their fitness, but have to be scaled before
other quality values (e.g., mean square error, average relative
error, ...) are calculated. The result of a GP run is the best
model found on the training partition during the algorithm
execution.

Further details about the algorithm and parameter set-
tings are listed in Table 2. Regarding the parameter settings,
the Nguyen-7 problem has a slightly modified function set,
as it includes the unary operations log and exp, which are
required to solve the problem exactly.

Optimization Framework
All the benchmark problems, algorithms and the constant
optimization approach presented in this publication are im-
plemented in HeuristicLab3 [23], an open source framework
for heuristic optimization.

In addition to the experimental results in this publication,
all the raw data of the conducted experiments is available on-
line at http://dev.heuristiclab.com/AdditionalMaterial
and can be inspected with a recent version of HeuristicLab.

3http://dev.heuristiclab.com



Table 1: Definition of benchmark problems and training and test ranges.
Name Function Training Test

Nguyen-7 f(x) = log(x+ 1) + log(x2 + 1) 20 samples 500 samples

Keijzer-6 f(x, y, z) = 30xz
(x−10)y2 20 samples 120 samples

Vladislavleva-14 f(x1, ..., x5) =
10

5+
∑

5

i=1
(xi−3)2

1024 samples 5000 samples

Pagie-1 f(x, y) = 1
1+x−4 + 1

1+y−4 676 samples 1000 samples

Poly-10 f(x1, ..., x10) = x1x2 + x3x4 + x5x6 + x1x7x9 + x3x6x10 250 samples 250 samples

Friedman-2 f(x1, ..., x10) = 10 sin(πx1x2) + 20(x3 − 1/2)2 + 10x4 + 5x5 +Noise 500 samples 5000 samples

Tower Real world data 3136 samples 1863 samples

Figure 2: Constant optimization improvement and
best quality of an exemplary GP run solving the
Poly-10 problem.

4. RESULTS
The quality improvement for individuals obtained by con-

stant optimization is outlined by an exemplary algorithm
run solving the Poly-10 problem. The improvement is mea-
sured as the quality difference (coefficient of determination,
R2) after and before constant optimization is performed.

Figure 2 displays the best quality (after constant opti-
mization) achieved so far and the maximum, average, and
median constant optimization improvement. It can be seen,
that the average and median improvement are rather low,
but increase over time, whereas the maximum improvement
in each generation reaches almost the current best quality.
An explanation for this might be, that child individuals cre-
ated by crossover and mutation from high quality parents
achieve a rather low quality, which can be drastically in-
creased by tuning their numerical constants.

Quality
All the results presented in this section are an aggregation
of 50 repetitions of each algorithm configuration to take
stochastic effects into account. The achieved training and
test qualities, as well as the success rate for noise-free prob-

lems, are shown in Table 3, where all algorithm configura-
tions are tested on every problem. For an easier interpre-
tation the success rate is defined as the relative number of
runs that achieved a test R2 ≥ 0.99, which means that at
least 99% of the variation of the target function must be
explained by the obtained model.

The first three columns in Table 3 represent OSGP runs
with varying population sizes (500, 1000, and 5000) with-
out constant optimization. In the last three columns results
for different constant optimization probabilities (25%, 50%
and 100% for 10 iterations) with a population size of 500
are shown. As the maximum selection pressure is used as
termination criterion, the number of evaluated individuals
need not be the same across the different algorithm configu-
rations and it could be suspected the constant optimization
achieves better results by prolonging the runtime of the al-
gorithm. However, the results have been controlled and no
statistically significant difference regarding the number of
evaluated solutions has been detected (data not shown).

Generally, it can be noted that OSGP runs with a popula-
tion size of 5000 outperform runs using a smaller population
size on all problems except the Keijzer-6 problem. Addition-
ally, all algorithm configurations with constant optimization
(regardless of the probability) achieved better results as the
standard OSGP configurations (except the Nguyen-7 prob-
lem). However, constant optimization provides little addi-
tional value for runs on the Nguyen-7 and Keijzer-6 problem,
because they are already solved with a high probability by
standard OSGP runs.

An interesting fact is that constant optimization runs with
the same population size as standard OSGP runs are able to
solve hard symbolic regression problems more regularly (e.g.,
the success rate on the Pagie-1 increases from 0.08 to above
0.70). Hence, it can be deduced that the search behavior
of GP with and without constant optimization differs. A
likely explanation is that GP is able to evolve the necessary
model structure, but fails to find the right numerical values
without constant optimization.

It can also be concluded that the higher the constant
optimization probability, the better the achieved qualities,
but the increase in quality and success rate between 50%
and 100% constant optimization probability is rather small.
Therefore, a probability of 50% seems to be sufficient to
achieve high quality results on the tested benchmark prob-
lems. Furthermore, it is especially outlined in the GP bench-
mark publication [24] that the Vladislavleva-14 and Pagie-1
are regarded difficult for symbolic regression systems, but
with constant optimization (50% or 100%) they are solved
by approximately 80% of the GP runs.



Table 3: Quality of the best training solution of the GP algorithm with different population sizes (OSGP)
and constant optimization configurations (CoOp). For every problem the first line shows the training quality
R2(µ± σ), the second line the test quality and the third line the success rate for problems without noise.

Problem OSGP 500 OSGP 1000 OSGP 5000 CoOp 25% CoOp 50% CoOp 100%

Nguyen-7
1.000 ± 0.000 1.000 ± 0.000 1.000 ± 0.000 1.000 ± 0.000 1.000 ± 0.000 1.000 ± 0.000
1.000 ± 0.000 1.000 ± 0.000 1.000 ± 0.000 0.961 ± 0.191 0.980 ± 0.111 1.000 ± 0.000

1.00 1.00 1.00 0.96 0.94 1.00

Keijzer-6
1.000 ± 0.000 1.000 ± 0.000 1.000 ± 0.000 1.000 ± 0.000 1.000 ± 0.000 1.000 ± 0.000
0.961 ± 0.150 0.898 ± 0.276 0.876 ± 0.274 0.977 ± 0.072 0.981 ± 0.104 0.979 ± 0.122

0.82 0.82 0.74 0.90 0.94 0.96

Vladislavleva-14
0.861 ± 0.098 0.903 ± 0.073 0.979 ± 0.037 0.985 ± 0.024 0.996 ± 0.012 0.995 ± 0.017
0.723 ± 0.280 0.775 ± 0.259 0.905 ± 0.229 0.965 ± 0.087 0.993 ± 0.020 0.992 ± 0.027

0.12 0.18 0.48 0.54 0.86 0.84

Pagie-1
0.955 ± 0.027 0.965 ± 0.022 0.984 ± 0.011 0.995 ± 0.006 0.999 ± 0.003 0.999 ± 0.002
0.755 ± 0.309 0.811 ± 0.270 0.893 ± 0.222 0.597 ± 0.463 0.857 ± 0.316 0.875 ± 0.292

0.08 0.06 0.20 0.36 0.74 0.78

Poly-10
0.823 ± 0.116 0.879 ± 0.085 0.971 ± 0.043 0.981 ± 0.035 0.996 ± 0.015 0.996 ± 0.015
0.748 ± 0.200 0.833 ± 0.108 0.965 ± 0.054 0.968 ± 0.063 0.992 ± 0.031 0.991 ± 0.035

0.02 0.04 0.62 0.72 0.94 0.94

Friedman-2
0.836 ± 0.027 0.857 ± 0.036 0.908 ± 0.035 0.959 ± 0.001 0.967 ± 0.000 0.964 ± 0.000
0.768 ± 0.172 0.831 ± 0.102 0.836 ± 0.191 0.871 ± 0.151 0.920 ± 0.086 0.864 ± 0.142

Tower
0.877 ± 0.007 0.880 ± 0.006 0.892 ± 0.006 0.919 ± 0.006 0.925 ± 0.005 0.932 ± 0.005
0.876 ± 0.012 0.877 ± 0.024 0.890 ± 0.008 0.916 ± 0.007 0.921 ± 0.006 0.927 ± 0.005

Table 4: Success rate and median execution time (hh:mm:ss) of the GP algorithm with different population
sizes (OSGP) and variable number of iterations for constant optimization (CoOp). For the last two problems
the test R2(µ± σ) is stated as the success rate cannot be calculated.

Problem OSGP 500 OSGP 1000 OSGP 5000 CoOp 50% 3x CoOp 50% 5x CoOp 50% 10x

Nguyen-7
1.00 1.00 1.00 0.92 0.92 0.94

00:03:22 00:06:45 01:09:21 00:11:32 00:14:43 00:13:53

Keijzer-6
0.82 0.82 0.74 0.92 0.88 0.94

00:03:08 00:10:48 00:57:21 00:08:10 00:12:25 00:23:37

Vladislavleva-14
0.12 0.18 0.48 0.56 0.82 0.94

00:27:24 01:13:01 09:08:52 03:44:48 05:18:25 05:58:53

Pagie-1
0.08 0.06 0.20 0.26 0.52 0.74

00:11:46 00:32:44 02:31:18 02:52:48 02:52:00 03:53:04

Poly-10
0.02 0.04 0.62 0.78 0.88 0.94

00:05:50 00:17:58 02:38:27 00:53:17 00:47:00 02:34:44

Friedman-2
0.768 ± 0.172 0.831 ± 0.102 0.836 ± 0.191 0.946 ± 0.046 0.943 ± 0.076 0.920 ± 0.086

00:09:31 00:21:39 02:52:05 01:38:17 01:53:14 03:24:23

Tower
0.876 ± 0.012 0.877 ± 0.024 0.890 ± 0.008 0.902 ± 0.010 0.912 ± 0.008 0.921 ± 0.006

00:59:01 02:38:53 14:51:47 13:27:36 14:06:21 33:10:23



Table 5: Results
Problem OSGP Pop 500 CoOp 50% 5x

Feature-10
0.925 ± 0.009 0.960 ± 0.003
0.858 ± 0.017 0.669 ± 0.248

Feature-25
0.879 ± 0.030 0.966 ± 0.008
0.709 ± 0.227 0.708 ± 0.147

Execution Time
So far the overhead in terms of execution time was neglected
in favor of the achieved quality on benchmark problems. In
Table 4 the median execution time and the success rate (test
R2 for Friedman-2 and Tower) are displayed to make the
results comparable regarding the speed of execution. How-
ever, it must be noted that the algorithm parameters are not
tuned in terms of execution speed; i.e. it could be the case
that a maximum selection pressure of 50 would be sufficient
to achieve comparable results as stated here. The important
point of Table 4 is that the relative differences between the
algorithm configurations can be seen, as well as the effect of
the number of iterations for constant optimization.

The OSGP with a population size of 500 is clearly the
fastest algorithm, but fails to solve the more difficult prob-
lems. The algorithm configurations with 50% constant op-
timization applied take about the same execution time to
finish as the OSGP runs with a population size of 5000, but
achieve a higher quality. Therefore, the best tradeoff be-
tween quality and execution time, turns out to be the con-
figuration that applies constant optimization for 5 iterations
(second last column of Table 4).

Feature Selection Problems
As previously mentioned the GP algorithm with constant
optimization enabled learns better from presented training
data and as a consequence should be more likely to over-
fit; although it has rarely been observed on the benchmark
problems (except for very few cases of models learned on
the Nguyen-1 and the Keijzer-6 problem). This hypothesis
is tested on two artificially generated problems, which con-
tain 100 variables (normally distributed N (0, 1)) of which
either 10 respectively 25 (Feature-10, Feature-25) are lin-
early combined (the weights of the variables are uniformly
distributed [0, 10]) and a noise term contributing to 10% of
the variance is added. For these two problems the training
partition consists of 120 and the test partition of 500 samples
and the highest possible R2 on the test partition is 0.9 due
to the noise term. As the size of the training partition (120)
is only slightly larger than the available features (100), it is
rather hard to find the right combination of features without
producing overfit models.

Results regarding 50 repetitions of two algorithm config-
urations, OSGP and constant optimization with a probabil-
ity of 50% for 5 iterations (CoOp 50% 5x), with a popula-
tion size of 500 are stated in Table 5. Whereas both algo-
rithm configurations fail to produce well generalizing models
on the Feature-25 problem, the configuration with constant
optimization enabled obviously produces overfit models for
the Feature-10 problem. A reason for this might be the
small amount of available training samples and measures to
counter overfitting should be included if it is detected (e.g.,
using a validation partition).

5. CONCLUSION AND FUTURE WORK
In this publication a nonlinear least squares optimization

approach for tuning numerical constants of symbolic expres-
sion trees evolved for solving symbolic regression problems
is presented. The developed approach uses the Levenberg-
Marquardt algorithm to improve the constants and the nec-
essary gradient is calculated by an automatic differentiation
procedure. To test the effectiveness several well-known prob-
lems for symbolic regression were used as benchmarks and
the obtained results compared to standard algorithm con-
figurations. Furthermore, the influence of different parame-
ters, namely the probability to apply constant optimization
and the number of iterations, is detailed on these bench-
mark problems. Overall constant optimization improves the
achieved quality of symbolic regression models as well as the
success rate on hard problems considerably. However, it af-
fects the runtime of the GP algorithm and therefore should
be mainly used, if the problem cannot be easily solved with
standard methods.

Future work regarding constant optimization involves fur-
ther analysis on how the algorithm dynamics are changed.
The assumption is that it reduces the disruptiveness of the
crossover operation, but this has still to be verified. Another
issue is the occurrence of overfitting on a few problems and
how this could be counteracted.

In addition, techniques to reduce the overhead of constant
optimization should be investigated to achieve better results
in shorter time, for example by parallelization. Another
option would be to reduce the number of training samples by
sampling strategies, like random sampling [5] or coevolution
of fitness predictors [16, 6]. A third way of accelerating
constant optimization would be to intelligently distribute
the effort across the individuals by stopping the constant
optimization when little or no further improvement can be
achieved.

Summarizing, empirical results show that constant opti-
mization improves the quality of symbolic regression models
significantly and the whole approach is implemented and
ready-to-use in HeuristicLab.
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