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Abstract

First we discuss the description of inverse polynomial images of [−1, 1], which
consists of two Jordan arcs, by the endpoints of the arcs only. The polynomial which
generates the two Jordan arcs is given explicitly in terms of Jacobi’s theta functions.
Then the main emphasis is put on the case where the two arcs are symmetric with
respect to the real line. For instance it is demonstrated that the endpoints vary
monotone with respect to the modulus k of the associated elliptic functions.

1 Introduction

Let Pn be the set of polynomials of degree less or equal n with complex coefficients. Let
Tn ∈ Pn \ Pn−1 and let T −1

n (R) be the inverse image of R under the polynomial mapping
Tn. It was already known to Gauß, since it is central in his proof of the “Fundamental
Theorem of Algebra”, that T −1

n (R) consists of n analytic Jordan arcs moving from ∞ to
∞, which cross each other at the zeros of T ′

n only. As is well known, m of the arcs cross

each other at a point z0 if and only if z0 ∈ T −1
n (R) and T (j)

n (z0) = 0 for j = 1, . . . ,m− 1.
Note that at such a point z0 = x0 + i y0, Re Tn(x+ i y), as a function of (x, y), has neither
a maximum nor a minimum (see [33, Sect. 1.6]). We also observe that two Jordan arcs
from T −1

n (R) cross each other at most once. Indeed, if there were two crossing points then
Im Tn = 0 on the simple connected set enclosed by the two arcs and thus Tn ≡ 0.

We are interested in the inverse image of [−1, 1] under the polynomial mapping Tn,
which is obtained obviously by cutting off the n arcs. For instance, let us consider the
inverse image of R and of [−1, 1] under the classical Chebyshev polynomial Tn(z) =
cos(n arccos z), z ∈ [−1, 1]. In the left plot of Fig. 1, we have plotted the graph of T9(z)
for z ∈ [−1, 1], in the right plot, the sets T−1

9 (R) (dotted line) and T−1
9 ([−1, 1]) = [−1, 1]

(thick line) are shown. Recall that the crossing points of the arcs are the zeros of T ′
n.

Let us mention that it can be shown (see Remark 4 below) that the polynomial Tn

is the only polynomial with the property that its inverse image of [−1, 1] consists of one
Jordan arc with endpoints ±1. Naturally, one would like to know for which polynomials
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Figure 1: The classical Chebyshev polynomial Tn for n = 9

the inverse image consist of two or more Jordan arcs? In this paper, we study the case of
two Jordan arcs, which can be handled with the help of elliptic functions. This enables us
to write down the solutions of the problems explicitly in many cases.

Inverse images of polynomial maps have been studied in [18], [19], [21], [24], [26], [32],
[17], [7].

It turns out that the question under consideration is equivalent to the solution of a
polynomial equation (sometimes called Pell’s equation) of the form

T 2
n (z)−H(z)U2

n−2(z) = 1, (1)

where Tn and Un−2 is a polynomial of degree n and n − 2, respectively, and the zeros of
H are the four endpoints a1, a2, a3, a4 ∈ C of the two Jordan arcs, i.e.,

H(z) := (z − a1)(z − a2)(z − a3)(z − a4). (2)

Abel [1] was probably the first one who was led to such a polynomial equation, when he was
looking for necessary and sufficient conditions such that the continued fraction expansion
of a hyperelliptic function is periodic. These studies were continued by Chebyshev [10]
and Zolotarev [35]. Furthermore, as already observed by Chebyshev, polynomial equa-
tions of the form (1) appear in the description of minimal polynomials with respect to the
maximum norm. Then Zolotarev [36] used (1) for characterizing the nowadays so-called
Zolotarev polynomial with the help of elliptic functions. He also studied equation (1)
briefly, when H(z) has two real and two complex conjugate zeros. The last mentioned
considerations seem to be independent from the investigations on the Zolotarev polyno-
mial. In Section 5.2, we obtain the common root of both problems and show how to obtain
Zolotarev’s [36] and Achieser’s [2] results in a unified way.

Concerning inverse polynomial images and their applicability in Approximation Theory
let us mention further that it can be shown [24] that for an arbitrary polynomial Tn ∈
Pn \ Pn−1, each polynomial Tℓ ◦ Tn, ℓ ∈ N, is a minimal polynomial on T −1

n ([−1, 1])
(note that T −1

n ([−1, 1]) = (Tℓ ◦ Tn)−1([−1, 1])) with respect to the maximum norm, i.e.,
it deviates least from zero with respect to the maximum norm among all polynomials of
degree ℓ n which have the same leading coefficient as Tℓ ◦ Tn. An analogous statement
holds with respect to the Lp-norms, p ∈ [1,∞), but with respect to a suitable transformed
weight function [28]. In addition, the polynomial Tℓ ◦ Tn has the maximum number of
extremal points on its inverse image T −1

n ([−1, 1]), i.e., 2ℓn extremal points counted with
multiplicity.

The paper is organized as follows. First, the connection between inverse polynomial
images and the polynomial equation (1) is discussed. See also Pakovich [18], [19], for
another approach. With the help of the description by the polynomial equation we are
able to show that the problem is equivalent to certain simple explicit conditions on the
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four endpoints of the arcs. The conditions are given in terms of Jacobian elliptic functions.
It is interesting that already Zolotarev [35] was led to conditions of such a kind, when he
studied the above mentioned approximation problems. A proof of the equivalence is given
in Section 6.

In Section 4, we give an algebraic solution of the problem based on an idea of Sodin
and Yuditskĭı [30].

In Section 5, we focus on the case of two arcs symmetric with respect to the real line.
We distinguish three cases. First, when all endpoints a1, a2, a3, a4 are real, investigated
by Zolotarev [36] and in detail by Achieser [4] and then, when two points are real and
two points are complex conjugate, again studied by Zolotarev [36], Achieser [2] and Lebe-
dev [15]. So far the two cases have been treated separately. Here we show how to obtain
both cases and the case of two pairs of complex conjugate points by a unified approach.
Furthermore we emphasize on the description of the endpoints of the arcs and show that
they are monotone with respect to the modulus of Jacobi’s elliptic functions. In the proofs,
several properties on Jacobi’s elliptic and theta functions, not available in literature, are
needed. Since they are interesting for its own, we list and prove them in the Appendix.

2 Characterization of Polynomials whose Inverse Image Con-
sists of Two Jordan Arcs

In order to get the announced characterization by a polynomial equation, we first need
the following lemma, which is, up to property (ii), known (see, e.g., [20] and [24]).

Lemma 1. Let n ≥ 2, let H be given by (2) and suppose that Tn ∈ Pn \ Pn−1 satisfies a
polynomial equation of the form

T 2
n (z)−H(z)U2

n−2(z) = 1, (3)

where Un−2 ∈ Pn−2. Then the following properties hold:

(i) The derivative of Tn is given by, note that Un−2 is unique up to the sign,

T ′
n(z) = ±n(z − z∗)Un−2(z). (4)

(ii) (a) If z∗ is a zero of Un−2 then it is either a double zero of Un−2 or a zero of H.

(b) If z∗ is a zero of H then z∗ is a simple zero of Un−2. Furthermore, z∗ is the
only possible common zero of H and Un−2.

(c) If Un−2 has a zero y of order greater than one then y = z∗ and z∗ is a double
zero of Un−2.

(iii) The polynomial Tn attains the values ±1 at the zeros of HUn−2 only.

(iv) The polynomial Tn has a representation of the form

Tn(z) = ± cosh
(
n

∫ z

a1

w − z∗√
H(w)

dw
)
. (5)



Description of inverse polynomial images which consist of two Jordan arcs 4

(v) The polynomial Tℓ ◦ Tn also satisfies a polynomial equation of the form (3), more
precisely,

T 2
ℓ (Tn(z))−H(z)U2

n−2(z)U
2
ℓ−1(Tn(z)) = 1,

where Uℓ−1(z) = sin(ℓ arccos z)/ sin(arccos z) denotes the classical Chebyshev poly-
nomial of the second kind.

Proof. Differentiating relation (3) gives

2TnT ′
n − Un−2(H′ Un−2 + 2HU ′

n−2) = 0.

Since T 2
n = 1 at the zeros of Un−2, we get relation (4) and

n(z − z∗)Tn − (H′ Un−2 + 2HU ′
n−2) = 0

from which (iia) and (iic) follow taking into consideration the fact that T 2
n (z

∗) = 1 by the
assumptions. Part (iib) follows by recalling that H has simple zeros only. Since Tn is of
degree n, (iii) follows by (3). For (iv) see [24, Corollary 2]. Part (v) follows immediately
from the well known relation

T 2
ℓ (z)− (z2 − 1)U2

ℓ−1(z) = 1.

Henceforth, the following special classification of the n arcs which T −1
n (R) consists of,

given recently by the first author in [26, Thm. 2.1], will be of importance.

Lemma 2. Let Tn ∈ Pn \ Pn−1. Then T −1
n (R) consists of n Jordan arcs Cj, j = 1, . . . , n,

running from ∞ to ∞, which can be chosen such that at the right hand side of each Cj
there is Im Tn > 0. If the Cj’s are chosen in this way then Re Tn is strictly monotone
decreasing from +∞ to −∞ on each Cj.

Let us note that moving along Cj such that Re Tn decreases from +∞ to −∞ means
that at a crossing point of two arcs from T −1

n (R) we have to take that arc, which lies next
to the right hand side (see Fig. 2).

In the following, we are interested in the question when T −1
n ([−1, 1]) consists of two

Jordan arcs. Let us give three illustrative examples. In Fig. 3, the sets T −1
n ([−1, 1])

(thick line) and T −1
n (R) (dotted line) are plotted, where Tn is a real polynomial of degree

n = 5 with positive leading coefficient and z∗ ∈ T −1
n ([−1, 1]) is such that T ′

n(z
∗) = 0 and

−1 < Tn(z∗) < 1, Tn(z∗) = −1, Tn(z∗) = 1, respectively.

Theorem 3. Let H be given by (2) and let Tn ∈ Pn \Pn−1. Then T −1
n ([−1, 1]) consists of

two Jordan arcs whose endpoints are the zeros of H if and only if Tn satisfies an equation
of the form (3), where Un−2 ∈ Pn−2. Furthermore, the two Jordan arcs have at most one
common point, i.e., the point z∗. Moreover, the two Jordan arcs are disjoint if and only
if z∗ /∈ T −1

n ([−1, 1]).

Proof. Sufficiency. Let us show in a constructive way that relation (3) implies that
T −1
n ([−1, 1]) consists of two Jordan arcs which have the zeros a1, a2, a3, a4 of H as end-

points.
Let us first consider the case z∗ /∈ T −1

n ([−1, 1]), where z∗ is given by (4). Then, by
Lemma1 (ii) and (iii), z∗ is not a zero of HUn−2 and H(z) and Un−2(z) = T ′

n(z)/(n(z−z∗))
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Figure 2: The inverse image T −1
n (R) of a real polynomial Tn of degree n = 5 with positive

leading coefficient

z* z* z*

Figure 3: Three examples when T −1
n ([−1, 1]) consists of two Jordan arcs with a common

point z∗

have different zeros which are all simple. Without loss of generality, let Tn(a4) = 1. By
Lemma2, there exists a Jordan arc Cj running through a4, on which Tn is strictly mono-
tone decreasing. Thus, if we start at the point a4 and move along Cj correspondingly to
Lemma2, we arrive at a point w, where Tn(w) = −1. Now, if T ′

n(w) ̸= 0 then w is an
endpoint of T −1

n ([−1, 1]) and thus, by (3) and (4), a zero of H. If T ′
n(w) = 0 then w is a

crossing point of two analytic Jordan arcs from T −1
n (R). Thus leaving Cj at w and con-

tinuing on the other arc next on the right, compare, e.g., the right hand picture of Fig. 1,
Tn is strictly increasing. Now we move along this arc until Tn reaches the value 1 and the
same procedure starts all over again as long as we arrive at points v where Tn(v) = ±1
and T ′

n(v) ̸= 0, i.e., at a zero of H. Note that the procedure is unique since, as mentioned
before, any two arcs from T −1

n (R) have at most one crossing point.
Next, let us start in one of the two remaining zeros of H, and proceed as before. Then
we finally arrive at the fourth zero of H. Thus T −1

n ([−1, 1]) consists of two Jordan arcs
which do not cross each other.
Let us now consider the case Tn(z∗) ∈ (−1, 1). Then Kε(z

∗)∩ T −1
n ([−1, 1]), where Kε(z

∗)
denotes the disk with center z∗ and radius ε, contains exactly two Jordan arcs since two
analytic Jordan arcs from T −1

n (R) cross each other at z∗. Starting at z∗ and moving in all
four directions along the two arcs it follows as above that we end up at a zero of H each
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time (as an example, see the left picture of Fig. 3).
Finally, let Tn(z∗) = ±1. If z∗ is a zero of H and thus, by Lemma1 (ii), a simple zero
of Un−2, then, by (3), Tn ∓ 1 has a zero of order 3 and therefore at z∗ three analytic
Jordan arcs from T −1

n (R) cross each other which implies, since Tn(z∗) = ±1, that two
arcs from T −1

n ([−1, 1]) cross each other and z∗ is an endpoint of one of the two arcs. If
z∗ is not a zero of H then, by Lemma1, z∗ is a double zero of Un−2 and, by (3), Tn ± 1
has a zero of order 4 which implies that four Jordan arcs from T −1

n (R) and thus two arcs
from T −1

n ([−1, 1]) cross each other at z∗. Compare the right and middle picture of Fig. 3,
respectively. Starting at z∗ and moving in all possible directions, as above, we end up at
a point u with Tn(u) = ±1 and T ′

n(u) ̸= 0, i.e., at a zero of H.
Necessity. Taking into consideration the fact that simple zeros of Tn ± 1 are endpoints of
the arcs it follows that there are at least n−2 points from T −1

n ([−1, 1]) at which Tn±1 has
a zero of multiplicity two at least. Similarly as above the assertion can be demonstrated
with the help of Lemma2.

Remark 4. Concerning the simplest case of one Jordan arc the following statement hold:
for Tn ∈ Pn \ Pn−1 the inverse map T −1

n ([−1, 1]) consists of a single Jordan arc C with
endpoints ±1 if and only if Tn = ±Tn and C = [−1, 1].

Proof. Using analogous arguments as in the proof of Theorem3 it follows, even in a much
more simple way, that T −1

n ([−1, 1]) consists of a single Jordan arc with endpoints ±1 if
and only if Tn satisfies a relation of the form

T 2
n (z)− (z2 − 1)U2

n−1(z) = 1, (6)

where Un−1 ∈ Pn−1. Since (6) holds if and only if Tn = ±Tn and Un−1 = ±Un−1, the
assertion is proved.

Let us note that Theorem3 and its proof can be extended to the case of several arcs.
For another approach concerning Theorem3 and Remark 4, see Pakovich [18], [19].

3 Tn-tuples

By what has been said above, we are interested in conditions such that the inverse image
of [−1, 1] under a polynomial mapping Tn consists of two Jordan arcs. Surprisingly, such
a characterization is possible by the endpoints of the arcs, i.e., by the zeros of H, only.

Notation 5. We call four pairwise distinct points a1, a2, a3, a4 ∈ C with the property

|a4 − a1| |a3 − a2| ≤ |a4 − a2| |a3 − a1| (7)

a Tn-tuple if there exists a polynomial Tn of degree n, called the associated polynomial,
such that T −1

n ([−1, 1]) consists of two Jordan arcs with endpoints a1, a2, a3, a4, or, in other
words (by Theorem3), if there exist polynomials Tn and Un−2 such that a polynomial
equation of the form

T 2
n (z)−H(z)U2

n−2(z) = 1, (8)

holds, where H(z) = (z − a1)(z − a2)(z − a3)(z − a4).
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Let us point out that inequality (7) is no loss of generality since for each tuple
(a1, a2, a3, a4), which does not satisfy (7), one only has to exchange a1 and a2. We will need
the inequality assumption to be able to define uniquely the modulus k and the functions
K(k),K ′(k), and k′(k).

Note, if (8) holds then Tn(αz + β), α, β ∈ C, α ̸= 0, satisfies a relation of the
form (8) again and the Tn-tuple (a1, a2, a3, a4) is linearly transformed into the Tn-tuple
(ã1, ã2, ã3, ã4) with ãj := (aj − β)/α, j = 1, 2, 3, 4.

For the characterization of Tn-tuples and the description of the solutions of (8), we
use elliptic functions. For other methods to draw conclusions from (8) on properties of Tn
and Un−2, see [20], [27], and [22].

Let k ∈ Dk, where Dk is defined as in (10) below, be the modulus of Jacobi’s elliptic
functions sn(u), cn(u), and dn(u), of Jacobi’s theta functions Θ(u), H(u), H1(u), and
Θ1(u), (Jacobi’s old notation) and, finally, of Jacobi’s zeta function, zn(u), (here we follow
the notation of Carlson and Todd [9], in other references, like [34], Jacobi’s zeta function
is denoted by Z(u)). Let k′ :=

√
1− k2 be the complementary modulus, let K ≡ K(k)

and E ≡ E(k) be the complete elliptic integral of the first and second kind, respectively,
and let K ′ ≡ K ′(k) := K(k′) and E′ ≡ E′(k) := E(k′).

For the definitions and many important properties of these functions, see, e.g., [8], [14],
[16], [31], and [5].

If we want to point out the dependence of these functions on the modulus k, we will
write K(k), K ′(k), sn(u, k), Θ(u, k), etc. There is another notation of the four theta
functions (e.g. in [8] and [34]) given by Θ(u, k) = ϑ0(v, τ) = ϑ4(v, τ), H(u, k) = ϑ1(v, τ),
H1(u, k) = ϑ2(v, τ) and Θ1(u, k) = ϑ3(v, τ), where τ = iK ′/K and v = u/(2K) (note that
in some references, like [8] and [14], v = uπ/(2K)).

The methods we use in this section to prove the Characterization theorem can be
considered as an extension of those used in [35], [4], [11], and [23].

Let a1, a2, a3, a4 ∈ C be four pairwise distinct points in the complex plane which satisfy
inequality (7) and let the modulus k be given by

k2 :=
(a4 − a1)(a3 − a2)

(a4 − a2)(a3 − a1)
, (9)

where we choose that branch of the square root in (9), for which Re k ≥ 0. Obviously
k2 = 0 if and only if (a1 = a4 ∨ a2 = a3) and k2 = 1 if and only if (a1 = a2 ∨ a3 = a4).
Further, by (7), we have |k2| ≤ 1. Therefore, it suffices to consider the case

k ∈ Dk :=
{
z ∈ C : |z| ≤ 1,Re z ≥ 0, z /∈ {0, 1}

}
(10)

in the following. Note that, by (10), the functions K(k) and K ′(k) are single valued now
(for a detailed discussion see [14, Sect. 8.12]). We will need the function sn2(u), which is
an even elliptic function of order 2 with fundamental periods 2K and 2iK ′, with a double
zero at 0 and a double pole at iK ′. Further, for k ∈ Dk, let

P :=
{
u ∈ C : u = λK + iλ′K ′, (λ, λ′) ∈ [0, 1]× [0, 1] ∪ (0, 1)× (−1, 0)

}
(11)

be a “half” period parallelogram of sn2(u) with respect to the modulus k. By the above
mentioned properties of sn2(u), the mapping sn2 : P → C, u 7→ sn2(u), is bijective, hence
for given a1, a2, a3, a4 ∈ C (pairwise distinct and satisfying (7)), there exists a unique
ρ ∈ P such that

sn2(ρ) =
a4 − a2
a4 − a1

(12)
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holds. Note that ρ = 0,K,K+iK ′, iK ′ is equivalent to sn2(ρ) = 0, 1, 1/k2,∞, respectively,
and that (a4 − a2)/(a4 − a1) = 0, 1, 1/k2,∞ is posssible only if a4 = a2, a2 = a1, a2 = a1,
a4 = a1, respectively. Thus, by the assumption on the aj , we have ρ /∈ {0,K,K+iK ′, iK ′}.
Equation (12) is equivalent to

cn2(ρ) =
a2 − a1
a4 − a1

and dn2(ρ) =
a2 − a1
a3 − a1

, (13)

respectively. On the other hand, given k ∈ Dk, ρ ∈ P, and two of the four points
a1, a2, a3, a4, say a1 and a2, by (9) and (12), a3 and a4 are given uniquely by

a3 =
a2 − k2a1 sn

2(ρ)

dn2(ρ)
, a4 =

a2 − a1 sn
2(ρ)

cn2(ρ)
. (14)

Hence, each (a1, a2, a3, a4) ∈ C4, aj pairwise distinct and satisfying (7) can be written in
the form

(a1, a2, a3, a4) =
(
a1, a2,

a2 − k2a1 sn
2(ρ)

dn2(ρ)
,
a2 − a1 sn

2(ρ)

cn2(ρ)

)
. (15)

In the following we are looking for conditions on k and ρ such that (a1, a2, a3, a4), given
by (15), is a Tn-tuple.

Notation 6. Let the mapping z : C → C, u 7→ z(u), be defined by

z(u) :=
(a2 − a1) sn

2(u)

sn2(u)− sn2(ρ)
+ a1. (16)

Then z : P → C, u 7→ z(u), is bijective (see Corollary 27). For further properties of z(u)
and z′(u), see Lemma25 and Lemma26 in Section 6.

Theorem 7 (Characterization Theorem). Let n ∈ N, let a1, a2 ∈ C, a1 ̸= a2, let k ∈ Dk

and ρ ∈ P. The tuple (a1, a2, a3, a4) is a Tn-tuple of the form (15) if and only if ρ is of
the form

ρ =
mK + im′K ′

n
, where m,m′ ∈ Z. (17)

If ρ is of the form (17) then the associated polynomials Tn and Un−2 from (8) are unique
(up to their sign) and given by

Tn(z(u)) = 1
2

(
Ω(u) + Ω(−u)

)
(18)

and √
H(z(u))Un−2(z(u)) =

1
2

(
Ω(u)− Ω(−u)

)
, (19)

where z(u) is defined in (16) and Ω(u) is defined by

Ω(u) :=
(H(u− ρ)

H(u+ ρ)

)n
exp

(−im′πu

K

)
. (20)

Furthermore
T −1
n ([−1, 1]) =

{
z(u) ∈ C : u ∈ P, |Ω(u)| = 1

}
. (21)
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Note that in formula (17), the integers m,m′ ∈ Z are restricted by the fact that ρ ∈ P,
i.e.,

(m,m′) ∈ {1, 2, . . . , n− 1} × {−(n− 1), . . . , n} ∪ {0, n} × {1, 2, . . . , n− 1}. (22)

The fact that condition (17) is necessary that an equation of the form (8) holds, where
a3, a4 are given by (14), goes back to Zolotarev [35]. He derived this condition when he
studied the continued fractions of

√
H(z). As one referee remarked, the sufficiency part

may be extracted from other work of Zolotarev [37], [38]. The proof of the Characterization
theorem and of the following corollary is given in Section 6. For the convenience of the
reader, we include Zolotarev’s proof also.

Corollary 8. Let ρ and Tn be given by (17) and (18), respectively.

(i) The polynomial Tn has the leading coefficient τn = αn/2, where

α =
π2(a4 − a2)Θ

4(ρ) exp( im
′πρ

nK )

K2(a4 − a3)(a4 − a1)
. (23)

Furthermore, Tℓ(Tn(z))/(2ℓ−1τ ℓn), ℓ ∈ N, is the minimal polynomial of degree ℓn with
respect to the maximum norm on T −1

n ([−1, 1]), with minimum deviation 21−ℓ|τn|−ℓ,
i.e.,

min
bj∈C

max
z∈T −1

n ([−1,1])
|zℓn + bnℓ−1z

ℓn−1 + . . .+ b1z + b0| =
1

2ℓ−1|τn|ℓ
. (24)

Moreover, the logarithmic capacity of T −1
n ([−1, 1]) is equal to 1/|α|, where α is given

in (23).

(ii) The zero z∗ of T ′
n, which is not necessarily a zero of Un−2 (cf. (4)), is given by

z∗ = a2 +
1

2

√
(a3 − a1)(a4 − a2)

( im′π

nK
+ 2 zn(ρ)

)
= a2 +

(a2 − a1) sn(ρ)

2 cn(ρ) dn(ρ)

( im′π

nK
+ 2 zn(ρ)

)
.

(25)

We would like to remark that formula (25) can be found in [35].

Remark 9.

(i) With the help of Theorem7 it is easily proved that the set of allTn-tuples (a1, a2, a3, a4)
is dense in C4. For a more general result , from which this statement follows, see [6].
The density for all real Tn-tuples in R4 has been shown in [3], see also [25] and [32].

(ii) With the help of Theorem3 and Theorem7 (or using an approach without elliptic
functions as in [21, Thm. 2.3]) the following result can be derived.
Let Tn ∈ Pn \ Pn−1 be such that T −1

n ([−1, 1]) consists of two Jordan arcs. Further-
more, suppose that Tn cannot be represented as Tℓ ◦Pν , where ℓ ∈ N and Pν ∈ Pn−1.
Then, apart from the polynomials Tℓ ◦ Tn, ℓ ∈ N, there are no other polynomials,
whose inverse image of [−1, 1] consists of two Jordan arcs which have the same
endpoints. Related statments are given in [18], [19].
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4 Algebraic Solution for a Tn-tuple

In order to obtain recursively a representation of sn2(nu), n ∈ N, as a rational function of
sn2(u), we follow [30] and define recursively the rational function Rn(v, k

2) by

Rℓ+1(v, k
2) :=

1

Rℓ−1(v, k2)

( Rℓ(v, k
2)− v

1− k2vRℓ(v, k2)

)2
, ℓ = 2, 3, . . . ,

R1(v, k
2) := v, R2(v, k

2) :=
4v(1− v)(1− k2v)

(1− k2v2)2
,

(26)

so that
sn2(nu, k) = Rn(sn

2(u, k), k2). (27)

Further, let v := (a4−a2)/(a4−a1) and k2 as in (9), then, by the above lemma, Rn(v, k
2)

can be represented by

Rn(v, k
2) =

Pn(a1, a2, a3, a4)

Qn(a1, a2, a3, a4)
≡ Pn

Qn
, (28)

where Pn and Qn are relative prime, multivariate polynomials of a1, a2, a3, a4 with integer
coefficients. With the help of the Characterization Theorem, we obtain the following
corollary.

Corollary 10. Let a1, a2, a3, a4 be four pairwise distinct points in C, let k2 be defined as
in (9) and let ρ ∈ P be such that equation (12) holds. Furthermore, let Pn and Qn be given
by (28). Then (a1, a2, a3, a4) is a Tn-tuple, i.e., ρ is of the form ρ = (mK + im′K ′)/n, if
and only if one of the following four polynomial equations is satisfied:

Pn = 0 if m,m′ even,

Qn = 0 if m even, m′ odd,

Pn −Qn = 0 if m odd, m′ even,

(a4 − a1)(a3 − a2)Pn − (a4 − a2)(a3 − a1)Qn = 0 if m,m′ odd.

(29)

Proof. By (27) and (28),

Rn(sn
2(ρ)) = sn2(nρ) =

Pn

Qn
. (30)

By Theorem7, (a1, a2, a3, a4) is a T-tupel if and only if there exists m,m′ ∈ Z such that
ρ = (mK + im′K ′)/n. By (30), this is equivalent that

sn2(nρ) = sn2(mK + im′K ′) ∈ {0,∞, 1, 1/k2}. (31)

Note that sn(mK + im′K ′) = 0,∞, 1, 1/k2 if and only if m,m′ are both even, m even and
m′ odd, m odd and m′ even, and both m,m′ odd respectively. Because of (30), (31) is
equivalent to (29), which gives the assertion.

Remark 11.

(i) By (26) and (28), the following recursion formulas for Pℓ+1 andQℓ+1, ℓ = 2, 3, . . . , n−
1 hold:

Pℓ+1 = (a3 − a1)
2Qℓ−1

[
(a4 − a1)Pℓ − (a4 − a2)Qℓ

]2
,

Qℓ+1 = (a4 − a1)
2Pℓ−1

[
(a3 − a1)Qℓ − (a3 − a2)Pℓ

]2
,

where P1 = a4−a2, Q1 = a4−a1, P2 = 4(a4−a2)(a3−a1), Q2 = (a1+a2−a3−a4)
2.
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(ii) Let n be odd. Replacing (a1, a2, a3, a4) by (ã1, ã2, ã3, ã4) := (a4, a3, a2, a1) (resp. by
(ã1, ã2, ã3, ã4) := (a3, a4, a1, a2)), we get by (9) and (12) that k̃2 = k2 and m̃ = n+m,
m̃′ = m′ (resp. m̃ = n+m, m̃′ = n+m′). Hence, to obtain for n odd the set of all
Tn-tuples, it suffices to consider only one of the four equations in (29).

(iii) Let n be even. If m and m′ are both even, the degree can be divided by 2. Re-
placing (a1, a2, a3, a4) by (ã1, ã2, ã3, ã4) := (a2, a3, a4, a1) (resp. by (ã1, ã2, ã3, ã4) :=
(a3, a2, a4, a1)), we get by (9) and (12) that k̃2 = k′2 (resp. k̃2 = 1/k′2) and
m̃ = m′ − n, m̃′ = −m (resp. m̃ = m′ − n, m̃′ = 2n − m − m′). Hence, to ob-
tain for n even the set of all Tn-tuples, it suffices to consider only one of the last
three equations in (29).

(iv) Thus, for n ∈ {2, 3}, the set {a1, a2, a3, a4} is a Tn-tuple if and only if the corre-
sponding equation is satisfied:

n = 2 : a1 − a2 − a3 + a4 = 0

n = 3 : a21 + a22 + a23 − 3 a24

− 2 a1a2 − 2 a1a3 + 2 a1a4 − 2 a2a3 + 2 a2a4 + 2 a3a4 = 0

For n ≥ 4, the corresponding equations are quite lengthy (e.g., for n = 9, the
corresponding equation fills 5 pages). We have computed them with the computer
algebra system Mathematica up to degree n = 9.

(v) Let us take a look at the real case: Let a1 = −1, a2 = c −
√
d, a3 = c +

√
d,

a4 = 1, where c ∈ (−1, 1) and d ∈ (0, 1) such that −1 < c −
√
d < c +

√
d < 1. For

n = 2, 3, . . . , 20, we computed the corresponding equation Pn − Qn = 0 and, as it
should be, got the same equations as in [27, Chapter 7], where we computed these
polynomials with the help of GRÖBNER-Bases.

5 Arcs Symmetric with respect to the Real Line

Next, let us study in more detail the case when the endpoints a1, a2, a3, a4 are symmetric
with respect to the real line. Since in this case the associated polynomials have either real
or purely imaginary coefficients, the inverse image consists of two arcs symmetric with
respect to the real line. Obviously the following three cases considered in the following
may occur:

(i) four real points;

(ii) two real and two complex conjugate points;

(iii) two pairs of complex conjugate points.

5.1 Inverse Polynomial Images which Consist of Two Intervals

For the simplest case, a1, a2, a3, a4 ∈ R, one obtains Achieser’s result for two intervals [4].

Theorem 12. Let n ∈ N, let a1, a2 ∈ R, a1 < a2, let k ∈ Dk, and let ρ ∈ P. The tuple
(a1, a2, a3, a4) given in the form (15) is a real Tn-tuple, i.e., a3, a4 ∈ R, with a1 < a2 <
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a3 < a4, if and only if k ∈ (0, 1) and ρ = mK
n , m ∈ {1, 2, . . . , n − 1}. The associated

polynomials Tn and Un−2 given by (18) and (19) have real coefficients and

T −1
n ([−1, 1]) = [a1, a2] ∪ [a3, a4]. (32)

Note that z∗ from (25) satisfies z∗ ∈ (a2, a3).

For n = 5, (a1, a2, a3, a4) = (−1, 0.068 . . . , 0.522 . . . , 1) is a realTn-tuple, where k = 0.8
and m = 2. Fig. 4 shows the graph of the associated polynomial Tn (left plot) and the sets
T −1
n ([−1, 1]) = [a1, a2] ∪ [a3, a4] (thick line) and T −1

n (R) (dotted line) on the right hand
side.

a1
a2 a3 a4z* a1 a2 a3 a4

z*

Figure 4: Associated polynomial and arcs for the real case

5.2 Inverse Polynomial Images which Consist of an Interval and an Arc

Next, let us consider the case, when two of the endpoints are real and the other two
are complex conjugate. Since it will turn out that the associated polynomial Tn has real
coefficients again, T −1

n ([−1, 1]) consists of an interval and an Jordan arc symmetric with
respect to the real line, see, e.g., Fig. 6 below.

Theorem 13. Let n ∈ N, let a1, a2 ∈ R, a1 < a2, let k ∈ Dk, and let ρ ∈ P. The
tuple (a1, a2, a3, a4) given in the form (15) is a Tn-tuple with the properties a3 = a4 and
Im a3 > 0 if and only if k = eiφ, φ ∈ (0, π2 ), and ρ = (mK+ im′K ′)/n with m,m′ ∈ Z and
m = 0 or 2m′ +m = 0 or 2m′ +m = 2n.

Proof. First, let us note that by (15)

a3 = a4 ⇐⇒ sn2(ρ, k)/sn2(ρ, k) = k2 for any k ∈ Dk. (33)

Next let us assume that k = eiφ, φ ∈ (0, π2 ), and ρ = (mK + im′K ′)/n ∈ P, m,m′ ∈ Z.
We transform the modulus k into the modulus k̃ by

k̃ :=
1 + k

2
√
k

=
1

2

(√
k +

1√
k

)
= cos(φ2 ). (34)

Note that k̃′ = sin(φ2 ). Using formula (165.05) of [8], we get

k sn2(ρ, k) =
1− cn(2ρ̃, k̃)

1 + cn(2ρ̃, k̃)
, (35)
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where

2ρ̃ := 2ρ
√
k =

mK̃ + i(2m′ +m)K̃ ′

n
. (36)

Finally, by (35) and (22),

sn2(ρ, k)/sn2(ρ, k) = k2 ⇐⇒ Im cn(2ρ̃, k̃) = 0

⇐⇒ Re{2ρ̃} ∈ {0,±2K̃,±4K̃, . . . }
or Im{2ρ̃} ∈ {0,±2K̃ ′,±4K̃ ′, . . . }

⇐⇒ m = 0 or 2m′ +m = 0 or 2m′ +m = 2n.

(37)

Now we are ready to prove the stated equivalence.
Necessity. By (9), the relations a3 = a4 and Im a3 > 0 imply that k = eiφ, φ ∈ (0, π2 ).
Hence, by (33), (37), and Theorem7, the necessity part follows.
Sufficiency. Let k = eiφ, φ ∈ (0, π2 ), then by (36),

a3 =
a2 − ka1C

1− kC
, C :=

1− cn(2ρ̃, k̃)

1 + cn(2ρ̃, k̃)
.

Thus

Im a3 =
C(a2 − a1) sinφ

|1− kC|2
> 0.

By (33), (37), and Theorem7, the sufficiency part follows.

In order to get in contact with the papers [36], [2], and [15] for the case of an interval
and an arc, let us consider transformation (34). Distinguishing the three cases

(i) if m = 0 put k1 = k̃′ ∈ (0, 1√
2
) and m1 = m′ ∈ {1, 2, . . . , n− 1},

(ii) if 2m′ +m = 0 put k1 = k̃ ∈ ( 1√
2
, 1) and m1 = m ∈ {1, 2, . . . , ⌊n2 ⌋},

(iii) if 2m′ +m = 2n put k1 = k̃ ∈ ( 1√
2
, 1) and m1 = n− m

2 ∈ {⌊n+1
2 ⌋, . . . , n− 1},

and using formula (165.05) of [8] and the transformation formulas

H(u, k) =
−i(1 + K̃ ′/K̃)

√
iπ√

2k′K
exp

( iπũ2

2K̃(K̃ + iK̃ ′)

)
H(ũ, k̃)Θ1(ũ, k̃)

and

zn(u, k) =
√
k
( iπũ

K̃(K̃ + iK̃)
− sn(ũ, k̃)dn(ũ, k̃)

cn(ũ, k̃)
+ 2 zn(ũ, k̃)

)
where ũ := u

√
k, we get representation (38) of a3 and (39) of Tn in terms of a new

modulus k1 ∈ (0, 1) already given by Zolotarev [36], see also Achieser [2, Section 19] and
Lebedev [15, p. 249–251]. We would like to mention that Zolotarev derived his formulas
not from the general case considered in Theorem7, as we do, but constructed them by
different methods starting from (41).
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Theorem 14. Let n ∈ N, and let a1 = −1, a2 = 1, a3 = a4 with Im a3 > 0. Then
(a1, a2, a3, a4) is a Tn-tuple if and only if a3 is of the form

a3 =
cn(2ρ1, k1) + ik1k

′
1sn

2(2ρ1, k1)

dn2(2ρ1, k1)
, (38)

where ρ1 = m1K1
n , m1 ∈ {1, 2, . . . , n − 1}, K1 = K(k1) and k1 ∈ (0, 1). The associated

polynomial Tn is given by

Tn(z1(u1)) =
1

2

(
Ω1(u1) +

1

Ω1(u1)

)
, (39)

where

Ω1(u1) ≡ Ω1(u1, k1) :=
(H(u1 − ρ1, k1)Θ1(u1 − ρ1, k1)

H(u1 + ρ1, k1)Θ1(u1 + ρ1, k1)

)n
(40)

and

z1(u1) ≡ z1(u1, k1) :=
cn(2u1, k1)cn(2ρ1, k1)− 1

cn(2u1, k1)− cn(2ρ1, k1)
. (41)

Finally, the point z∗ from (25) is given by

z∗ = 1 +
1

dn(2ρ1, k1)

(
cn(2ρ1, k1)− 1 + 2 sn(2ρ1, k1) zn(ρ1, k1)

)
. (42)

Next, let us determine the shape of T −1
n ([−1, 1]) (see Fig. 5 and Fig. 6).

Theorem 15. Suppose that (a1, a2, a3, a4) from Theorem14 is a Tn-tuple, and let Tn be the
associated polynomial. Then T −1

n ([−1, 1]) consists of [−1, 1] and a Jordan arc symmetric
with respect to the real line moving from a3 to a4 = a3. If z∗ ∈ [−1, 1] then the Jordan arc
from a3 to a4 crosses the real line at z∗.

Proof. Since cn : [0, iK ′
1) ∪ (iK ′

1, 2iK
′
1] → (−∞,−1] ∪ [1,+∞) is bijective, the mapping

z1(u1) : [0, iK ′
1] → [−1, 1], given by (41), is also bijective. Further, since k1 ∈ (0, 1),

H(u1) = H(u1) and Θ1(u1) = Θ1(u1), we have Ω(u1) = Ω(u1). Since, by (40), Ω1(−u1) =
1/Ω1(u1), it follows that for u1 ∈ [0, iK ′

1] Ω(u1) = Ω(−u1) = 1/Ω(u1), i.e., |Ω(u1)| = 1,
hence [−1, 1] ⊂ T −1

n ([−1, 1]).
Next, we prove z1(u1) ∈ R ⇒ Tn(z1(u1)) ∈ R. Indeed, since

z1(u1) ∈ R ⇐⇒ cn(2u1) = cn(2u1)

⇐⇒ Reu1 ∈ {0,±K1,±2K1, . . .} or Imu1 ∈ {0,±K ′
1,±2K ′

1, . . .}
(43)

and (43) ⇒ Ω1(u1) ∈ R, the assertion follows by (39).

Remark 16.

(i) Let m1 =
n
2 in Theorem14. Then a3 =

ik1
k′1

and the associated polynomial Tn is given

by Tn(z) = Tn
2
(2k′1

2(z2 − 1) + 1) and T −1
n ([−1, 1]) = [−1, 1] ∪ [− ik1

k′1
, ik1
k′1

].

(ii) Let n ∈ N, m1 ∈ {1, 2, . . . , ⌊n−1
2 ⌋}. Note that, by (38), if ρ1 = m1K1

n generates

a3 = c + id and the associated polynomial Tn(z) then ρ2 = (n−m1)K1

n generates
ã3 = −c+ id and the associated polynomial Tn(−z).
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(iii) Because of (i) and (ii), we will consider only the case ρ1 =
m1K1

n ,m1 ∈ {1, 2, . . . , ⌊n−1
2 ⌋}

in the following.

Next, let us study how the endpoints of the arc vary with respect to the modulus k1.

Theorem 17. Let n ∈ N, m1 ∈ {1, 2, . . . , ⌊n−1
2 ⌋}, and let a3(k1) be given by (38), i.e.,

Re{a3(k1)} =
cn(2ρ1, k1)

dn2(2ρ1, k1)
,

Im{a3(k1)} =
k1k

′
1sn

2(2ρ1, k1)

dn2(2ρ1, k1)
,

where ρ1 = m1K1/n, k1 ∈ (0, 1). Then the following properties hold:

(i) Re{a3(k1)} is a strictly monotone increasing function of k1 ∈ (0, 1) and

Re{a3(k1)} → cos(m1π
n ) as k1 → 0,

Re{a3(k1)} → +∞ as k1 → 1.
(44)

(ii) For Im{a3(k1)}, we have Im{a3(k1)} → 0 as k1 → 0 and

Im{a3(k1)} →



0 if m1 <
n
4

1 if m1 =
n
4

+∞ if m1 >
n
4


as k1 → 1. (45)

Furthermore, if m1 ≥ n
4 then Im{a3(k1)} is strictly monotone increasing with respect

to k1

Proof. The monotonicity of Re{a3(k1)} and Im{a3(k1)} follows by Lemma32 (i) and (iii),
respectively. The asymptotic formulas for k1 → 0 follow immediately and, by Lemma30,
as k1 → 1, we get

Re{a3(k1)} ∼ 1

2

( 4

k′1

) 2m1
n

, (46)

Im{a3(k1)} ∼ k1k
′
1

(
1− 2

(k′1
4

) 4m1
n

)2

4(
k′1
4 )

4m1
n

∼ k1k
′
1

4(
k′1
4 )

4m1
n

= k1

( 4

k′1

) 4m1
n

−1
, (47)

which gives (44) and (45).

Choosing in Theorem14 the values n = 6, a1 = −1, a2 = 1, m1 = 2, and k1 = 0.4,
k1 = 0.7, and k1 = 0.99, respectively, and plotting the graphs of the associated polynomials
T6 with the help of (39), we obtain Fig. 5. In Fig. 6, the corresponding sets T −1

6 (R) (dotted
line) and T −1

6 ([−1, 1]) (solid line) are plotted with the help of (21). Especially note the
monotonicity properties of the points a3(k1) and a4(k1) (see Theorem17).
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a1 a2

z*

a1 a2

z*

a1 a2 z*

Figure 5: Graphs of the associated polynomials

a1 a2

a3

a4

z*
a1 a2

a3

a4

z*
a1 a2

a3

a4

z*

Figure 6: Corresponding sets T −1
6 (R) (dotted line) and T −1

6 ([−1, 1]) (solid line)

5.3 Inverse Polynomial Images which Consist of Two Jordan Arcs Sym-
metric with respect to the Real Line

Finally, let us study the remaining case when the Tn-tuple (a1, a2, a3, a4) consists of two
pairs of complex conjugate numbers. Since the coefficients of the associated polynomial
Tn are either real or purely imaginary, T −1

n ([−1, 1]) consists of two arcs symmetric with
respect to the real line.

Lemma 18. For k ∈ (0, 1),

|sn2(u)| = k−1 ⇐⇒ Imu = ±K ′/2 mod 2K ′.

Proof. Let u := x± iK ′/2, x ∈ R, then, by (123.01) and (122.11) of [8],

|sn2(x± iK′

2 )| =
∣∣∣ 1√

k

(1 + k)sn(x)± i cn(x)dn(x)

1 + k sn2(x)

∣∣∣2
=

1

k

((1 + k)2sn2(x) + cn2(x)dn2(x)

1 + 2k sn2(x) + k2 sn4(x)

)
=

1

k
.

Obviously, it suffices to show that w = sn2(u) maps

{u ∈ C : Imu = K ′/2, 0 ≤ Reu ≤ K}

and
{u ∈ C : Imu = −K ′/2, 0 < Reu < K}

bijectively onto

{w ∈ C : |w| = 1

k
, Imw ≥ 0}

and

{w ∈ C : |w| = 1

k
, Imw < 0},

respectively. This follows by the facts that sn2(u) maps P bijective onto C, that sn2(±iK ′/2) =
−1/k, sn2(K ± iK ′/2) = 1/k and by continuity arguments.
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Theorem 19. Let n ∈ N, let a1 ∈ C, Im a1 > 0, a2 = a1, let k ∈ Dk, and let ρ ∈ P. The
tuple (a1, a2, a3, a4) given in the form (15) is a Tn-tuple with a4 = a3 and Im a3 < 0 if
and only if k ∈ (0, 1) and

ρ =
mK + im′K ′

n
, n even, m′ ∈ {−n

2 ,
n
2 }, m ∈ {0, 1, . . . , n}. (48)

Proof. First let us note that by (14), for k ∈ Dk,

a4 = a3 ⇐⇒ |sn(ρ)|4 = 1/k2. (49)

Necessity. By the properties of a1, a2, a3, a4 together with (9), it follows that

k2 =
a3 − a1
a3 − a1

a3 − a1
a3 − a1

=
|a3 − a1|2

|a3 − a1|2
∈ (0, 1). (50)

By (49), (50), Lemma18, and Theorem7, the assertion follows.
Sufficiency. Since k ∈ (0, 1) and Im ρ = ±K ′/2, by Lemma18, (49), and Theorem7,
(a1, a2, a3, a4) is a Tn-tuple with a4 = a3. Thus it remains to be shown that Im a3 < 0.
Without loss of generality, see Remark 20 (ii), it suffices to consider the case Im ρ = K ′/2.
By (51) and (75),

Im a3 = b
(
1−

2− 4k2sn2(mn K) + 2k2sn4(mn K)

(1 + k)(1− k sn2(mn K))2
)

which is easily seen to be negative since 0 < k < 1 and 0 < sn(mn K) < 1.

Remark 20. Let a1 = a+ ib, a2 = a− ib, a ∈ R, b > 0.

(i) By Theorem19, all Tn-tuples (a1, a2, a3, a4) with Im a3 < 0, and a4 = a3, are given
by

a3 = a+ ib− 2ib

dn2(ρ)
, (51)

where ρ is of the form (48) and k ∈ (0, 1).

(ii) Since dn(ρ) = dn(ρ), the following statement holds: If m′ = n
2 generates the point

a3 = c− id with the associated polynomial Tn(z) then m′ = −n
2 generates the point

ã3 = (2a − c) − id with the associated polynomial Tn(z − 2a + 2c), thus, in the
following, we will only consider the case m′ = n

2 .

(iii) Let m = 0 resp. m = n. Then

a3 = a+ i b(1∓ k)/(1± k),

Tn(z) = Tn/2(∓
(1±k)2

2b2k
(z − a)2 ∓ 1+k2

2k )

T −1
n ([−1, 1]) = [a− ib, a− ib 1∓k

1±k ] ∪ [a+ ib 1∓k
1±k , a+ ib].

Indeed, let us first note that for every even n and m = 0 we get ρ = iK′

2 , hence,
by (51), we obtain the same a3 for every even n. Thus, by Lemma1, the associated
polynomials are given by Tn(z) = Tn

2
(T2(z)), where T2(z) can be calculated elemen-

tary with the help of (8). In the same way, the other two cases m = n and m = n
2

(see (iv)) can be considered.
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(iv) For m = n
2 , we obtain

a3 = a+ 2bk
k′ + ib,

Tn(z) = Tn
2
( ik′

2b2k
(z − a− bk

k′ )
2 + i

2(
k′

k − k
k′ )),

T −1
n ([−1, 1]) = [a+ ib, a+ 2bk

k′ − ib] ∪ [a− ib, a+ 2bk
k′ + ib].

(v) By (ii) and (iii), in the following, we will focus only on the case

ρ = mK
n + iK′

2 , n even, m ∈ {1, 2, . . . , n− 1}. (52)

Lemma 21. Let a1, a2, a3, a4 ∈ C be as in Theorem19 and suppose that ρ is of the form
(52). Then for z(u), u ∈ P, given in (58), we have

z(u) ∈ R ⇐⇒ Imu = ±K ′

2
.

Proof. By (58) and Lemma18,

z(u) = z(u) ⇐⇒ |sn(ρ)|4 = |sn(u)|4

⇐⇒ |sn(u)|4 = 1

k2

⇐⇒ Imu = ±K ′

2
.

Theorem 22. Let a1, a2, a3, a4 ∈ C be as in Theorem19, suppose that ρ is of the form
(52), i.e., (a1, a2, a3, a4) is a Tn-tuple, and let Tn be the associated polynomial. Then
T −1
n ([−1, 1]) consists of two Jordan arcs symmetric with respect to the real line. Further,

there exists a k∗ ∈ (0, 1), such that the following three statements hold:

(i) for k ∈ (0, k∗), T −1
n ([−1, 1]) consists of two Jordan arcs, one moving from a1 to a4

and one moving from a2 to a3, where both arcs are not crossing the real line;

(ii) for k = k∗, T −1
n ([−1, 1]) consists of two Jordan arcs which cross each other at the

point z∗ ∈ R given in (25);

(iii) for k ∈ (k∗, 1), T −1
n ([−1, 1]) consists of two Jordan arcs, one moving from a1 to a2,

crossing the real line at z1 ∈ R and one moving from a3 to a4, crossing the real line
at z2 ∈ R, where z1 < z2.

Proof. By formula (4) of Chapter LXXVII in [31],

Ω(λK + iK′

2 ) = in eimπ/2
(H((mn − λ)K)

Θ((mn + λ)K)

)n
, (53)

Ω(λK − iK′

2 ) = (−i)n e−imπ/2
(Θ((mn − λ)K)

H((mn + λ)K)

)n
. (54)

Thus, if Imu = ±K′

2 then Ω(u) ∈ R (if m even) resp. Ω(u) ∈ iR (if m odd). Hence, by
Lemma21, Tn has real (if m even) resp. purely imaginary (if m odd) coefficients, thus, by
Theorem7, T −1

n ([−1, 1]) consists of two analytic Jordan arcs symmetric with respect to
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the real line.
Thus, we have to look for the crossing points of the two arcs with the real line, i.e., to
look for such u ∈ P with z(u) ∈ R and z(u) ∈ T −1

n ([−1, 1]). By Lemma21 and (18), for
u ∈ P,

z(u) ∈ R ∩ T −1
n ([−1, 1]) ⇐⇒(

|Ω(u)| = 1
)
∧
(
u = λK + iK′

2 , λ ∈ [0, 1], ∨ u = λK − iK′

2 , λ ∈ (0, 1)
)
.

First, let us take a look at the points u = λK + iK′

2 , λ ∈ [0, 1], k ∈ (0, 1). By (1052.02) of
[8], we get

H((mn − λ)K)

Θ((mn + λ)K)
=

Θ((mn − λ)K)

Θ((mn + λ)K)

√
k sn((mn − λ)K).

By Lemma34 (iv),

0 ≤
Θ((mn − λ)K)

Θ((mn + λ)K)
≤ 1.

Thus ∣∣∣H((mn − λ)K)

Θ((mn + λ)K)

∣∣∣ < 1.

Hence, by (53), |Ω(λK + iK′

2 )| < 1, and hence z(λK + iK′

2 ) /∈ T −1
n ([−1, 1]) for every

λ ∈ [0, 1] and k ∈ (0, 1).
Secondly, we consider the points u = λK − iK′

2 , λ ∈ (0, 1), k ∈ (0, 1). By Lemma34, there
exists a k∗ ∈ (0, 1) such that

(i) for every k ∈ (0, k∗) and λ ∈ (0, 1),

Θ((mn − λ)K)

H((mn + λ)K)
> 1,

(ii) for k = k∗, there exists an unique λ∗ ∈ (0, 1) such that

Θ((mn − λ∗)K)

H((mn + λ∗)K)
= 1,

(iii) for k ∈ (k∗, 1), there exists unique λ1, λ2 ∈ (0, 1) such that

Θ((mn − λj)K)

H((mn + λj)K)
= 1, j = 1, 2.

By (54), this gives the assertion.

Remark 23.

(i) By the proof of Theorem22, the modulus k∗ ∈ (0, 1) in Theorem22 can be computed
numerically by solving the two equations

Θ((mn − λ)K) = H((mn + λ)K),

z(λK − iK ′/2) = z∗

with respect to k and λ.
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(ii) For n = 6, a1 = −1 + 2i, a2 = −1 − 2i, m = 2, m′ = n/2 = 3, Fig. 7 shows
according to Theorem22 the three possible shapes of T −1

n ([−1, 1]), where for the
modulus k ∈ (0, 1) we have set k = 0.6, k = k∗ = 0.734465 . . ., and k = 0.8. The
plots show the endpoints a1, a2, a3, a4, the point z∗, and the sets T −1

n ([−1, 1]) (thick
line) and T −1

n (R) (dotted line).

a1

a2

a3

a4

z*

a1

a2

a3

a4

z*

a1

a2

a3

a4
z*

Figure 7: The three possible shapes of T −1
n ([−1, 1]) according to Theorem22.

As we did earlier, let us again study how the endpoints of the arcs vary with respect
to the modulus k.

Theorem 24. Let a1 = a+ ib, a2 = a− ib, a ∈ R, b > 0, let ρ be of the form (52) and let
a3 ≡ a3(k) be given by (51), i.e.,

Re a3(k) = a+ 2 b Im

(
1

dn2(ρ)

)
,

Im a3(k) = b

(
1− 2Re

(
1

dn2(ρ)

))
.

(55)

Then the following statements hold:

(i) for m ∈ {1, 2, . . . , n − 1}, Re a3(k) is a continuous, strictly monotone increasing
function with respect to k with

lim
k→0

Re a3(k) = a, lim
k→1

Re a3(k) = +∞; (56)

(ii) for m ∈ {1, 2, . . . , n2 − 1} (resp. m ∈ {n
2 + 1, . . . , n − 1}), Im a3(k) is a continuous,

strictly monotone increasing (resp. decreasing) function with respect to k with

lim
k→0

Im a3(k) = −b, lim
k→1

Im a3(k) = 0 (−∞)

Proof. The statements follow immediately by Lemma32 (iv) and (v).

6 Proof of Theorem7 (Characterization Theorem)

Let us recall that a1, a2, a3, a4 ∈ C are four pairwise distinct complex numbers satisfy-
ing (7) and that H is given by (2). Furthermore, let the modulus k ∈ Dk be given by (9),
let P, the “half” period parallelogram of sn2(u), be given by (11) and let ρ ∈ P be uniquely
determined by equation (12). The following lemma gives some important properties of the
mapping z(u) defined in (16).
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Lemma 25. Let z(u) be defined as in (16), then

z(u) = a2 +
(a2 − a1)sn

2(ρ)

sn2(u)− sn2(ρ)
(57)

=
a2sn

2(u)− a1sn
2(ρ)

sn2(u)− sn2(ρ)
(58)

=
a2(a4 − a1)sn

2(u)− a1(a4 − a2)

(a4 − a1)sn2(u)− (a4 − a2)
(59)

and z(u) is an even elliptic function of order 2 with the fundamental periods 2K, 2iK ′

and simple poles at ±ρ. Further,

z(0) = a1, z(iK ′) = a2, z(K + iK ′) = a3, z(K) = a4, (60)

and

H(z(u)) =
(a2 − a1)

4sn6(ρ)sn2(u)cn2(u)dn2(u)

cn2(ρ)dn2(ρ)(sn2(u)− sn2(ρ))4
. (61)

Moreover, let Pn ∈ Pn\Pn−1 be a polynomial of exact degree n, then Pn(z(u)) is an elliptic
function of order 2n with the fundamental periods 2K and 2iK ′ and with poles of order n
at ±ρ mod (2K, 2iK ′).

Proof. The identities (57)–(59) follow immediately by (16) together with (12) and (13).
Since sn2(u) is an even elliptic function with fundamental periods 2K, 2iK ′, by (57), z(u)
is an even elliptic function with periods 2K and 2iK ′. Since sn2(u)−sn2(ρ) has the simple
zeros ±ρ mod (2K, 2iK ′), z(u) has simple poles at ±ρ mod (2K, 2iK ′), thus the periods
2K and 2iK ′ are fundamental and z(u) has order 2.
By (2), (9), (12), (13), (16) and (57)–(59), the identities in (60) and (61) follow immedi-
ately.
For a polynomial Pn ∈ Pn \Pn−1, Pn(z(u)) is an elliptic function with the periods 2K and
2iK ′ and since

Pn(z(u)) = (z(u))n
(
dn +

dn−1

z(u)
+ · · ·+ d1

(z(u))n−1
+

d0
(z(u))n

)
,

the points u = ±ρ mod (2K, 2iK ′) are poles of order n of Pn(z(u)) and these are the only
poles of Pn(z(u)). Thus Pn(z(u)) is an elliptic function of order 2n and the periods 2K
and 2iK ′ are fundamental periods of Pn(z(u)).
Another possibility for proving (61) would be the following: since H(z(u)) is an elliptic
function of order 8 with the fundamental periods 2K and 2iK ′, double zeros at 0,K,K +
iK ′, iK ′ mod (2K, 2iK ′) and poles of order 4 at ±ρ mod (2K, 2iK ′),

H(z(u)) = c1
sn2(u)cn2(u)dn2(u)

(sn2(u)− sn2(ρ))4
,

where c1 can be computed from

1 = lim
u→ρ

H(z(u))

z(u)4
=

c1 cn
2(ρ)dn2(ρ)

(a2 − a1)4sn6(ρ)
.
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Lemma 26. For the derivative of z(u), we have

z′(u) =
−2(a2 − a1)sn

2(ρ)sn(u)cn(u)dn(u)

(sn2(u)− sn2(ρ))2
(62)

and z′(u) is an odd elliptic function of degree 4 with the fundamental periods 2K and 2iK ′.
Furthermore, z′(u) has double poles at ±ρ and simple zeros at 0,K,K + iK ′ and iK ′.

Proof. Formula (62) follows immediately by (57). From the first relation in (62), z′(u)
is an odd elliptic function with periods 2K and 2iK ′. Since the function sn2(u) − sn2(ρ)
has simple zeros at ±ρ mod (2K, 2iK ′), z′(u) has double poles at ±ρ mod (2K, 2iK ′).
Further, since 0,K,K + iK ′ is a simple zero of sn(u), cn(u), dn(u), respectively, and
since iK ′ mod (2K, 2iK ′) is a pole of order 3 of the numerator and a pole of order 4 of
the denominator, the values 0,K,K + iK ′, iK ′ mod (2K, 2iK ′) are simple zeros of z′(u).
Thus, z′(u) is of order 4 and the periods 2K and 2iK ′ are fundamental.

Corollary 27. The mapping z : P → C, u 7→ z(u), is bijective.

Proof. Since z(u) is an elliptic function of order 2, for each w ∈ C, the function z(u)− w
has exactly two zeros (counted with multiplicity) on a period parallelogram. Hence, since
0,K, iK ′,K+iK ′ mod (2K, 2iK ′) are zeros of the derivative z′(u) and since z(−u) = z(u),
the assertion follows.

Now, let z(P) and z(−P), both cut along z([0, iK ′]) and z([K + iK ′,K]), be the first
and second sheet of the Riemann-surface associated with

√
H(z). Then it follows by (61)

and (62) that

z′(u) =
−2cn(ρ)dn(ρ)

(a2 − a1)sn(ρ)

√
H(z(u)) (63)

if we choose in the first sheet that branch of
√

H(z), for which

−(a2 − a1)sn(ρ)

2cn(ρ)dn(ρ)
z′(u0) =

√
H(z(u0)),

where u0 ∈ int(P) is arbitrary.

Lemma 28. Let n ∈ N, m,m′ ∈ Z, and let Ω(u) be defined by (20). Then

Ω(−u) =
1

Ω(u)
, Ω(u+ 2K) = Ω(u), (64)

and

Ω(u+ 2iK ′) = Ω(u) ⇐⇒ ρ =
mK + im′K ′

n
. (65)

If ρ ∈ P is of the form (65), then Ω(u) is an elliptic function of order n with the funda-
mental periods 2K and 2iK ′, where

Ω(0) = (−1)n, Ω(K) = (−1)m
′
, Ω(K + iK ′) = (−1)m+m′

, Ω(iK ′) = (−1)m, (66)

and Ω(u) has a pole of order n at −ρ and a zero of order n at ρ.
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Proof. Formulae (1051.02) and (1051.04) of [8] immediately give (64). Formulae (3) and
(4) of Chapter LXXVII of [31] give

Ω(u+ 2iK ′) =
(H(u− ρ)

H(u+ ρ)

)n
exp

(−im′πu

K

)
exp

(−2iπρn

K

)
exp

(2m′πK ′

K

)
.

Thus

Ω(u+ 2iK ′) = Ω(u) ⇐⇒ 2iπρn

K
+

2m′πK ′

K
= 2imπ

⇐⇒ ρ =
mK + im′K ′

n
.

By (64) and (65), Ω(u) has the periods 2K and 2iK ′ and, since 0 mod (2K, 2iK ′) is the
only zero of the function H(u), −ρ mod (2K, 2iK ′) is a pole of order n, ρ mod (2K, 2iK ′)
is a zero of order n of Ω(u) and the periods 2K, 2iK ′ are fundamental.
The identities in (66) follow again by formulae (3) and (4) of Chapter LXXVII of [31].

Proof of Theorem7. Necessity. Let Φ(u) be defined by

Φ(u) := Tn(z(u)) +
√

H(z(u))Un−2(z(u)) (67)

then, since, by (63),
√

H(z(u)) is an odd function of u,

Φ(−u) = Tn(z(u))−
√

H(z(u))Un−2(z(u)) =
1

Φ(u)
, (68)

where the second equality follows immediately by (8). By Lemma25, Φ(u) is an elliptic
function with periods 2K, 2iK ′ and Φ(u) has a pole of order n at u = −ρ. Thus, by (68),
u = ρ is a zero of order n of Φ(u). Since −ρ mod (2K, 2iK ′) is the only pole of Φ(u), the
periods 2K, 2iK ′ are fundamental and Φ(u) is of order n. Summarizing, we have proved
that Φ(u) is an elliptic function of order n with the fundamental periods 2K, 2iK ′ and
a pole (or zero) of order n at −ρ (or at ρ respectively). Thus, by [5, p. 53], there exist
m,m′ ∈ Z, such that

nρ = −nρ+ 2mK + 2im′K ′,

and Φ(u) has a representation of the form

Φ(u) = c1
H(u− ρ)n

H(u+ ρ)n−1H(u+ ρ− 2mK − 2im′K ′)

= c2

(H(u− ρ)

H(u+ ρ)

)n
exp

(−im′πu

K

)
= c2Ω(u),

where c1, c2 are constants not depending on u and Ω(u) is defined in (20). Thus, by (67)
and (68),

Tn(z(u))±
√

H(z(u))Un−2(z(u)) = Φ(±u) = c2Ω(±u).

Hence, since Ω(0) = (−1)n, z(0) = a1 and T 2
n (a1) = 1, we get relations (18) and (19).

Since (Ω(u) + 1/Ω(u))/2 ∈ [−1, 1] if and only if |Ω(u)| = 1, by (18) and (64), we get
(18).

Proof of Theorem7. Sufficiency. Let ρ be defined by (12) and suppose that (17)
holds. By Lemma28,

Qn(u) :=
1

2
(Ω(u) + Ω(−u)) =

1

2

(
Ω(u) +

1

Ω(u)

)
(69)



Description of inverse polynomial images which consist of two Jordan arcs 24

is an even elliptic function of order 2n with the fundamental periods 2K and 2iK ′ and
poles of order n at ±ρ. Since Qn(u) is even, u is a zero of Qn(u) if and only if −u is a
zero of Qn(u). Thus, let u1, u2, . . . , un ∈ P be the zeros of Qn(u) in P, then we claim

Qn(u) = cn

n∏
j=1

(z(u)− z(uj)), cn ̸= 0, (70)

i.e., Qn(u) is a polynomial of degree n in z(u). Indeed, since, by Lemma25, the left and
right hand side of (70) is an elliptic function of order 2n with fundamental periods 2K
and 2iK ′, poles of order n at ±ρ and the same 2n zeros, relation (70) follows.
Further, by Lemma25,

Rn−2(u) :=
Ω(u)− Ω(−u)

2
√

H(z(u))

=
(a2 − a1)

2sn3(ρ)(sn2(u)− sn2(ρ))2(Ω(u)− Ω(−u))

2cn(ρ)dn(ρ)sn(u)cn(u)dn(u)
.

(71)

Obviously, Rn−2(u) is an even elliptic function with periods 2K, 2iK ′ and, since ρ and −ρ
are double zeros of (sn2(u)− sn2(ρ))2, Rn−2(u) has poles of order n− 2 at ±ρ. The values
0,K,K + iK ′, which are simple zeros of sn(u), cn(u),dn(u), respectively, and the value
iK ′, which is a pole of order 4 of the numerator and a pole of order 3 of the denominator,
are no poles of Rn−2(u) since, by (66),

Ω(u)− Ω(−u)
∣∣
u=0,K,K+iK′,iK′ = 0.

Thus Rn−2(u) is an elliptic function of order 2(n−2) with the fundamental periods 2K
and 2iK ′ and poles of order n − 2 at ±ρ mod (2K, 2iK ′). By the same arguments as
before, Rn−2(u) is a polynomial of degree n−2 in z(u). Hence, by (69) and (71), Q2

n(u)−
H(z(u))R2

n−2(u) = 1. Thus the assertion follows.

Proof of Theorem7.Necessity (alternative proof). This variant of the proof goes
back to Zolotarev [35]. We will need the formula

log
(H(a− u)

H(a+ u)

)
=

∫ u

0

2 sn(a)cn(a)dn(a)

sn2(v)− sn2(a)
dv − 2u zn(a), (72)

which can be found in [12, p. 196].
By (62), (12) and (13),

dz√
H(z)

=
−2 cn(ρ) dn(ρ) du

(a2 − a1) sn(ρ)
=

−2 du√
(a3 − a1)(a4 − a2)

.

Thus, by (57), (12), (13) and (72), we get for the elliptic integral in (5)

n

∫ z

a1

x− z∗√
H(x)

dx = n

∫ u

0

−2(a2 − z∗)√
(a3 − a1)(a4 − a2)

dv − n

∫ u

0

2 sn(ρ)cn(ρ)dn(ρ)

sn2(v)− sn2(ρ)
dv

= n
( −2(a2 − z∗)√

(a3 − a1)(a4 − a2)
− 2 zn(ρ)

)
︸ ︷︷ ︸

=:A

u− n log
(H(ρ− u)

H(u+ ρ)

)
=: f(u).
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Hence, by (5),

Tn(z(u)) = cosh(f(u)) = 1
2(e

f(u) + e−f(u))

=
(−1)n

2

((H(u+ ρ)

H(u− ρ)

)n
eAu +

(H(u− ρ)

H(u+ ρ)

)n
e−Au

)
.

Since z(u) has the periods 2K and 2iK ′, there must exist m,m′ ∈ Z such that

f(u+ 2K)− f(u) = 2im′π, (73)

f(u+ 2iK ′)− f(u) = −2imπ. (74)

On the other hand, by formulae (1) and (2) of Chapter LXXVII of [31], we get

f(u+ 2K)− f(u) = 2AK, f(u+ 2iK ′)− f(u) = 2iAK ′ − 2inπρ

K
.

Thus together with (73) and (74), we obtain ρ = (mK+im′K ′)/n and A = im′π/K, from
which the first identity for z∗ in (25) immediately follows. The second identity in (25)
immediately follows by (12) and (13).

Proof of Corollary 8. (i) By (58), (18) and Lemma28, we have

τn = lim
u→ρ

Tn(z(u))
z(u)n

= lim
u→ρ

1

2z(u)nΩ(u)

=
1

2
exp

( im′πρ

K

)
lim
u→ρ

( H(u+ ρ)(sn2(u)− sn2(ρ))

H(u− ρ)(a2sn2(u)− a1sn2(ρ))

)n
.

Thus, by

sn2(u)− sn2(ρ) =
Θ(0)

k
· H(u+ ρ)H(u− ρ)

Θ2(u)Θ2(ρ)
,

we get

τn =
1

2

( Θ2(0)H2(2ρ)

k(a2 − a1)sn2(ρ)Θ4(ρ)

)n
exp

( im′πρ

K

)
,

hence, using (1051.01) and (1052.02) of [8] and the relation

H(2u) =
2Θ(u)H(u)H1(u)Θ1(u)

Θ(0)H1(0)Θ1(0)
,

we get the formula for τn. Concerning the statement after formula (23), see [24].
The last statement follows by the well-known fact that the logarithmic capacity is
equal to

lim
ν→∞

ν
√

Mν = lim
ℓ→∞

ℓn

√
21−ℓ|τn|−ℓ =

1

|α|
,

where Mν denotes the minimum deviation with respect to degree ν on T −1
n ([−1, 1]).

(ii) Formula (25) follows from the alternative proof of the necessity of the Characteriza-
tion theorem.

Theorem7 could be proved with the help of Abel’s Theorem also.
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A Appendix: Some monotonicity properties of elliptic and
theta functions

First, we list some relations on Jacobi’s elliptic functions frequently needed in the paper
and then, we prove some monotonicity properties of elliptic and theta functions with
respect to the modulus k using the results of Carlson and Todd [9]. The notations of
Jacobi’s elliptic and theta functions have been introduced at the beginning of Section 3.
Let us recall that all Jacobi’s elliptic and theta functions depend on the modulus k.

Lemma 29. Let k ∈ (0, 1) and λ ∈ R. Then

dk′

dk
= − k

k′
,

d

dk

{ 1

k′

}
=

k

k′3
,

dK

dk
=

E − k′2K

kk′2
,

dK ′

dk
=

k2K ′ − E′

kk′2
,

dE

dk
=

E −K

k
,

and

d

dk

{
sn(λK)

}
=

1

kk′2
cn(λK)

(
−dn(λK)zn(λK) + k2sn(λK)cn(λK)

)
,

d

dk

{
cn(λK)

}
=

1

kk′2
sn(λK)

(
dn(λK)zn(λK)− k2sn(λK)cn(λK)

)
,

d

dk

{
dn(λK)

}
=

k

k′2
sn(λK)

(
cn(λK)zn(λK)− sn(λK)dn(λK)

)
,

d

dk

{
zn(λK)

}
=

k

k′2
cn(λK)

(
−cn(λK)zn(λK) + sn(λK)dn(λK)

)
.

Proof. All formulas but the last follow immediately by (710.00), (710.02), and (710.51)–
(710.53) of [8]. The last formula is proved in [9, Proof of Theorem2].

Concerning the limiting behavior of sn(λK), cn(λK), etc., as k → 1, Carlson and Todd
[9] have derived the following lemma.

Lemma 30. Let 0 < λ < 1, then, for k → 1, we have

K ∼ log
( 4

k′

)
, sn(λK) ∼ 1− 2

(k′
4

)2λ
,

cn(λK) ∼ dn(λK) ∼ 2
(k′
4

)λ
, zn(λK) ∼ 1− λ− 2

(k′
4

)2λ
.

Lemma 31.

(i) For every λ ∈ (0, 1) ∪ (1, 2)
[
λ ∈ (−1, 0) ∪ (2, 3)

]
, the function sn(λK) is a positive

[negative], strictly monotone increasing [decreasing] function of the modulus k ∈
(0, 1), respectively.

(ii) For every λ ∈ (−1, 0) ∪ (0, 1)
[
λ ∈ (1, 2) ∪ (2, 3)

]
, the function cn(λK) is a positive

[negative], strictly monotone decreasing [increasing] function of the modulus k ∈
(0, 1), respectively.

(iii) For every λ ∈ R, the function dn(λK) is a positive, strictly monotone decreasing
function of the modulus k ∈ (0, 1).
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Proof. (i) See [13] or [9, Theorem1], see also [2, p. 24]; (ii) is an immediate consequence
of (i); (iii) can be proved analogously as in [9, Theorem1].

Lemma 32.

(i) For every λ ∈ (0, 1), the function cn(λK)/dn2(λK) is a positive, strictly monotone
increasing function of the modulus k ∈ (0, 1).

(ii) For every λ ∈ (12 , 1), the function dn2(λK)/k′ is a positive, strictly monotone de-
creasing function of the modulus k ∈ (0, 1).

(iii) For every λ ∈ [12 , 1), the function k k′ sn2(λK)/dn2(λK) is a positive, strictly mono-
tone increasing function of the modulus k ∈ (0, 1).

(iv) For every λ ∈ (0, 1), the function

Im
1

dn2(λK + iK′

2 )

is a positive, strictly monotone increasing function of the modulus k ∈ (0, 1). Fur-
ther,

Im
1

dn2(λK + iK′

2 )
→ 0 as k → 0,

Im
1

dn2(λK + iK′

2 )
→ +∞ as k → 1.

(v) For every λ ∈ (0, 12) (λ ∈ (12 , 1)), the function

Re
1

dn2(λK + iK′

2 )

is a positive, strictly monotone decreasing (increasing) function of the modulus k ∈
(0, 1). Further,

Re
1

dn2(λK + iK′

2 )
→ 1 as k → 0,

Re
1

dn2(λK + iK′

2 )
→ 1

2
(+∞) as k → 1.

Proof. (i) For λ ∈ (0, 1), by Lemma31 (iii), 1/dn(λK) is a positive, strictly monotone
increasing function of k ∈ (0, 1) and, since

cn(λK)

dn(λK)
= −sn((λ− 1)K),

by (i), cn(λK)/dn(λK) is a positive, strictly monotone increasing function of k ∈
(0, 1), which gives the assertion.

(ii) For λ = 1/2,

kk′
sn2(λK)

dn2(λK)
=

k

1 + k′
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is obviously strictly monotone increasing. Further, by Lemma29,

d

dk

{ 1

k′
dn2(λK)

}
=

2k sn(λK)cn(λK)dn(λK)

k′3

(
zn(λK) +

dn(λK)
(
cn2(λK)− sn2(λK)

)
2 sn(λK)cn(λK)

)
.

It remains to be shown that in the last formula the expression in paranthesis is
negative for every λ ∈ (12 , 1) and k ∈ (0, 1). By (129.04) of [8],

f(u) := zn(u) +
dn(u)(cn2(u)− sn2(u))

2 sn(u)cn(u)

= zn(u) +
k

2

(
cn2(u)− sn2(u)

)√1 + dn(2u)

1− dn(2u)
,

and f(K2 ) = 0. Further, for every k ∈ (0, 1), zn(u) is a positive, strictly monotone
decreasing function with respect to u ∈ (K2 ,K). Indeed, since dn(u) is strictly
monotone decreasing in (K2 ,K) and dn2(K2 ) = k′, we have

∂

∂u
{zn(u)} = dn2(u)− E

K
< 0

for u ∈ (K2 ,K) if and only if E − k′K > 0. Since E − k′K = 0 if k = 0 and, by
Lemma29,

d

dk
{E − k′K} =

(1− k′)(K − E)

kk′
> 0,

the assertion follows. Since cn2(u)− sn2(u) is a negative, strictly monotone decreas-
ing function and (1+dn(2u))/(1−dn(2u)) is a positive, strictly monotone increasing
function of u ∈ (K2 ,K), we obtain that f(u) is a strictly monotone decreasing func-
tion of u ∈ (K2 ,K), thus f(u) < 0 for u ∈ (K2 ,K), which gives the assertion.

(iii) Since, by (iv), both, k′/dn2(λK) and k sn2(λK), are positive, strictly monotone
increasing functions of k ∈ (0, 1), the assertion follows.

(iv) By (125.01) and (122.11) of [8],

dn(u+ iK′

2 ) =
√
1 + k

dn(u)− i k sn(u)cn(u)

1 + k sn2(u)
.

Thus, by (124.01) of [8],

1

dn2(u+ iK′

2 )
=

1− 2k2sn2(u) + k2sn4(u)

(1 + k)(1− k sn2(u))2
+ i

k(1 + k sn2(u))sn(2u)

(1 + k)(1− k sn2(u))
(75)

=
1 + k(

k′2 + k(1 + k)cn2(u)
)2(k′2 + k2cn4(u) + 2i k sn(u)cn(u)dn(u)

)
(76)

For every λ ∈ (0, 1), by (i), the functions

k

1 + k
,

1 + k sn2(λK)

1− k sn2(λK)
, sn(2λK)
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are positive, strictly monotone increasing functions of k ∈ (0, 1), thus, by (75), the
assertion follows. (Note that for λ = 1

2 , sn(2λK) obviously is equal to one for every
k ∈ (0, 1).)
Concerning the asymptotics, as k → 0, we have 1/dn2(λK + iK′

2 ) → 1. Further, by
(76) and Lemma30, as k → 1, we get

Im
1

dn2(λK + iK′

2 )
∼

8k(1 + k)
(
k′

4

)2λ(
1− 2

(
k′

4

)2λ)
(k′2 + 4k(1 + k)(k

′

4 )
2λ)2

→ +∞

(v) By (75), Lemma29, after a lengthy computation, we get

d

dk
Re

1

dn2(λK + iK′

2 )
=

sn(λK)cn(λK)dn(λK)(1 + k sn2(λK))

(1 + k)2(1− k sn2(λK))3

·
(sn(λK)dn(λK)

cn(λK)
− cn(λK)dn(λK)

sn(λK)
+

k2sn(λK)cn(λK)

dn(λK)
− 4zn(λK)

)
.

Defining

g(u) :=
sn(u)dn(u)

cn(u)
− cn(u)dn(u)

sn(u)
+

k2sn(u)cn(u)

dn(u)
− 4zn(u),

we get g(K2 ) = 0 and

d

du
g(u) =

(sn2(u)dn2(u)− cn2(u))2

sn2(u)cn2(u)dn2(u)
+

4E

K
> 0

for u ∈ (0,K). Thus g(u) < 0 for u ∈ (0, K2 ) and g(u) > 0 for u ∈ (K2 ,K), which
gives the first assertion. Concerning the asymptotics, by formula (76) and Lemma30,
as k → 1, we get

Re
1

dn2(λK + iK′

2 )
∼

(1 + k)
(
k′2−4λ + 16k2

)(
k′2−2λ + 4k(1 + k)

)2 →

{
1
2 if λ < 1

2 ,

+∞ if λ > 1
2 .

For Jacobi’s theta functions, we need the following properties, which are based on the
following result [29, Theorem1] of the second author.

Lemma 33.

(i) Let λ, µ ∈ R. If cos(λπ) > cos(µπ) (cos(λπ) < cos(µπ)), then Θ(λK)/Θ(µK) is a
positive, strictly monotone decreasing (increasing) function of the modulus k ∈ (0, 1).
If cos(λπ) = cos(µπ), i.e., λ = µ+ 2ν, ν ∈ Z, then Θ(λK)/Θ(µK) = 1.

(ii) Let λ, µ ∈ (0, 1), k ∈ (0, 1), then Θ(λK)/Θ(µK) → 1 as k → 0 and

Θ(λK)

Θ(µK)
∼

(k′
4

)(µ−λ)(1−(λ+µ)/2)
as k → 1.

(iii) Let µ ∈ (0, 1) and k ∈ (0, 1). Then f(λ) := Θ((µ − λ)K)/Θ((µ + λ)K) is a convex
function of λ ∈ (0, 1) with f(0) = f(1) = 1.
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Lemma 34.

(i) Let µ, λ ∈ (0, 1), then Θ((µ − λ)K)/H((µ + λ)K) is a positive, strictly monotone
decreasing function of the modulus k ∈ (0, 1).

(ii) Let µ, λ ∈ (0, 1), k ∈ (0, 1), then Θ((µ − λ)K)/H((µ + λ)K) → +∞ as k → 0 and
Θ((µ− λ)K)/H((µ+ λ)K) → 0 as k → 1.

(iii) Let µ ∈ (0, 1), k ∈ (0, 1), then f(λ) := Θ((µ − λ)K)/H((µ + λ)K) is a convex
function of λ ∈ (0, 1).

Proof. First, we note that, by (1052.02) of [8],

Θ((µ− λ)K)

H((µ+ λ)K)
=

Θ((µ− λ)K)√
k sn((µ+ λ)K)Θ((µ+ λ)K)

. (77)

By Lemma32 (i), the function 1/
(√

k sn((µ+λ)K)
)
is a positive, strictly monotone decreas-

ing function with respect to k. Thus, by (77) and Lemma33 (i), note that cos((µ−λ)π) >
cos((µ+ λ)π), we obtain (i).
By (77), Lemma33 (i), and Lemma30, we obtain (ii).
By (77), by Lemma33 (iii), and since 1/sn((µ + λ)K) is a positive, convex function of
λ ∈ (0, 1), we obtain (iii).
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[35] E.I. Zolotarev, Sur la méthode d’integration de M. Tchebichef, Journal Math. Pures
Appl. 19 (1874), 161–188.

[36] , Applications of elliptic functions to problems of functions devi-
ating least and most from zero (in Russian), Oeuvres de E.I. Zolotarev,
Vol. 2, Izdat. Akad. Nauk SSSR, Leningrad (1932), 1–59. Available on
http://www.math.technion.ac.il/hat/papers.html.

[37] , On one problem of the least values (in Russian), Oeuvres de E.I. Zolotarev,
Vol. 2, Izdat. Akad. Nauk SSSR, Leningrad (1932), 130–166.

[38] , Theory of complex integers with applications to integral calculus (doctoral
thesis, 1874, in Russian), Oeuvres de E.I. Zolotarev, Vol. 1, Izdat. Akad. Nauk SSSR,
Leningrad (1932), 161–360.


